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ABSTRACT 
 
In this dissertation, random inhomogeneous porous channels were generated statistically, 
and single- and multi-phase flow models were developed to investigate diffusion behavior of 
gases in porous media. Three different methods were used to simulate inhomogeneous porous 
flow channels. First, the path-percolation theory was adapted in diffusion studies to generate 
random high-tortuosity (above 1.07) porous channels with a desired porosity within a specified 
confidence level. Cluster labeling process was applied to simulate paths for the gas molecules, 
and the resulting effective porosity was investigated statistically. Second, the double-path-
percolation theory was introduced to simulate low-tortuosity (between 1.0005 and 1.0700) flow 
channels. Using a combined void- and solid-cluster labeling process, this new model also 
simulates paths in both solid and void regions in the channel, hence transport analysis can be 
performed in both regions. Third, two dimensional slices of the micro-computed tomographies of 
Mitsubishi Rayon Corp. MRC-105 and Sigracet SGL-25BA gas diffusion layer samples, which 
are used in polymer electrolyte fuel cells, were digitized, and the effective porosities were 
determined statistically by cluster labeling process. A single-phase Lattice-Boltzmann model 
(LBM) was developed to simulate gas flow in the channels generated. Velocity distributions 
were obtained to evaluate the effective tortuosity in gas diffusion layer samples and different 
channels generated by single- and double-path-percolation theories. Furthermore, multi-phase 
LBMs were developed to investigate the impact of liquid formation on mass transfer in porous 
channels. Statistical results of porosity, effective porosity, and tortuosity of the system with 
different liquid volumes were investigated. Velocity distributions in porous channels with 
different solid-liquid-vapor combinations were analyzed. Moreover, a portion of the solid surface 
 vi 
 
inside the channel was set hydrophobic, and multi-phase effects on mass transport were 
examined. A software was developed for a combined path-percolation – Lattice-Boltzmann 
model, and the performance was improved by different high-performance computing system 
implementations. The techniques introduced in this dissertation can be utilized in 
inhomogeneous porous media application involved with single- and multi-phase mass transport 
with surface-fluid interactions. This work is unique through its statistical approach and cluster 
labeling process. 
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INTRODUCTION 
 
 In this dissertation, the effects of the internal structure of inhomogeneous porous media 
on single- and multi-phase mass transfer were investigated. A statistical approach called the 
path-percolation theory, and single- and multi-phase lattice-Boltzmann models were used with 
parallel programming implementations. Effects of liquid formation on two important functions of 
mass diffusion called the effective porosity and the effective tortuosity were analyzed. 
Furthermore, changes in effective diffusion coefficient of a gas with liquid formation in the 
channel were examined. The critical liquid formation in randomly generated channels was also 
presented statistically. The model was improved by including the surface-fluid effects, and the 
impact of hydrophobic material loading on the surface of the channel on two-phase mass flow 
was investigated. In addition to randomly generated porous channels, the micro-tomographies of 
two actual porous materials used in polymer electrolyte fuel cells (PEFC) as a gas diffusion layer 
(GDL) were digitized by an in-house program, and the diffusion analysis was performed with a 
statistical approach in two dimensions. Nano-scale computational simulations were performed to 
obtain macro-scale properties, and new effective diffusion models were developed for low- and 
high-tortuosity flow systems to be used in macro-scale diffusion models. The methodology 
introduced here provides an alternative aspect for mass diffusion analyses in porous medium 
applications. 
Percolation theory is a probabilistic approach to simulate systems with multiple phases 
[1], hence can be used to simulate an inhomogeneous porous medium, constituted by solid 
particles and void. The percolation theory was adapted to statistically investigate the diffusion 
behavior of gasses in randomly generated porous channels in this project, and with an additional 
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process, called the cluster labeling process, a specific path-percolation model was developed, 
noting that the original path-percolation theory was developed by Jung et al. [2] to investigate the 
electrical property variations in inhomogeneous porous media. 
The Lattice-Boltzmann Method (LBM) is a mesoscopic approach based on the kinetic 
theory of gases developed by Ludwig Boltzmann [3]. For transport simulations, a statistical 
treatment is performed for fluid molecules, and the interactions of these particles are described 
by streaming and collision mechanisms in kinetic theory [3-6]. The derivation of the cornerstone 
of the kinetic theory of gases, “the Lattice-Boltzmann equation” [4], is shown in the Appendix. 
In this model, behavior of a collection of particles as a unit [3, 6, 7] is investigated, and a 
distribution function represents any property of these units. LBM is used to simulate single and 
multiphase flows with a wide range of behaviors including condensation, cavitation, phase 
separation, and surface interaction.  
These two models; the percolation theory and LBM, were combined in a limited number 
of studies, to investigate mass diffusion in inhomogeneous porous media. A few of them are 
explained briefly here. Ghanbarian et al. [8] introduced analytical models for gas and solute 
transfer in porous media using the percolation theory and the effective medium approximation. 
The results of this work were overlapped with the LBM simulations for all pore sizes. In their 
two-dimensional study, Nabovati and Sousa [9] simulated fluid flow in random porous media 
using LBM to determine the relation between permeability and porosity. Identical rectangles 
with free overlapping were located in the channels randomly. It was found that the permeability 
decreased when the regularity of the porous medium was disturbed in channels with the same 
porosity. Furthermore, permeability varied exponentially with porosity, regardless of the porous 
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media organization. Adrover and Giona [10] developed a model for permeability using a two-
dimensional digitized porous structure image, starting from the Carman-Kozeny equation [11, 
12]. Koponen et al. [13] used a lattice-gas cellular automation method to investigate the 
relationship between tortuosity and porosity. Overlapping of the rectangular solid particles, 
which were placed in the porous domain randomly, was allowed in the simulations. Tortuosity 
varied linearly with porosity, for a porosity range of 50% - 90%. Using the same methods, 
permeability and effective porosity of two-dimensional porous media were examined in another 
study of the same authors [14]. An incompressible Newtonian flow was studied, and curve fit 
equations for tortuosity, effective porosity, and permeability as functions of porosity were 
developed. Matyka et al. [15] performed a numerical investigation on tortuosity-porosity 
relation, using a microscopic porous medium model. The domain was arranged by freely 
overlapping squares, and streamlines of the flow were presented using LB theory. Moreover, a 
curve fit model was developed for tortuosity as a function of the system size and porosity. 
Grucelski and Pozorski [16] simulated fluid flow by LBM in a domain constructed by uniformly 
placing circular particles with different diameters within a certain range. Free overlapping and 
intersection of the particles with the system boundaries were allowed in domain construction 
method. The temperature profiles and pressure drop were obtained as the results of the study.  
Many scientific articles [17-25] with multi-phase LBM in porous media were studied 
before constructing the current model. In multi-phase transport part of this project, a single-
component multiphase (SCMP) LBM model was developed similar to the model developed by 
Chau et al. [26], in which a two-dimensional, SCMP LBM code was developed to investigate the 
effects of gravity on liquid formation, hence the gaseous diffusion in partially saturated porous 
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media. It was found that the effective diffusion coefficient shows a difference about 25% by 
different liquid configurations under zero gravity. Another consideration of this work is the 
effects of surface-fluid interactions on multi-phase mass transfer in inhomogeneous porous 
channels. A SCMP LBM was developed using the van der Waals equation of state to include the 
effects of the attractive forces between the molecules as introduced by Shan and Chen [27], and 
He and Doolen [28]. Moreover, the adhesive surface-fluid interaction force was also included in 
the model as introduced by Martys and Chen [29], and the impact of hydrophobic surface on 
multi-phase mass transfer was analyzed. Furthermore, effective diffusion coefficient of gases in 
two of PEFC GDL materials was also investigated computationally. Many previous works were 
performed with the same purpose [20, 30-40]. The uniqueness of this study is based on the 
statistical modeling it pursues, and the cluster labeling process. Preventing the overlap of the 
randomly distributed solid particles is also another novel outcome described in this work.  
The outline of the dissertation is explained here. In Chapter I, a single-phase LBM was 
developed to investigate the diffusion behavior of gases in high-tortuosity inhomogeneous 
porous systems. Single-path-percolation theory was explained in detail, and effective porosity 
and tortuosity results with different confidence levels were examined. A multi-phase LBM was 
developed in Chapter II to observe a phase-separation in a multi-phase flow. Effects of liquid 
formation on effective diffusivity were investigated. The first high-performance system 
application on the code was introduced. Critical liquid formation was analyzed statistically. In 
Chapter III, a novel model called the double-path-percolation theory was introduced. Low-
tortuosity flow systems were constructed, and a single-phase LBM was developed to investigate 
the gas diffusion in these systems. Three different high-performance computing systems were 
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implemented on the code, and computing performance was tested. In Chapter IV, the surface-
fluid interactions were included in the model, and multi-phase and hydrophobicity effects on 
effective diffusion in both high- and low-tortuosity systems were investigated. The developed 
techniques in the previous chapters were applied on micro-computed tomographies of two GDL 
samples; MRC-105 and SGL-25BA with 5% polytetrafluoroethylene (PTFE) in Chapter V. A 
two-dimensional multi-phase model with surface effects was developed, and the statistical 
effective diffusion results were presented.  
This work provides; a statistical approach to the transport modeling in porous media 
applications, a better understanding of the effects of internal structure of the porous layers on 
low- and high-tortuosity porous systems, more accurate effective diffusion models to be used in 
macroscopic models, and a path to a more accurate three-dimensional mesoscopic models with 
the introduced high-performance computing system implementations. The novel techniques 
introduced in this study can be utilized in any application area of heterogeneous porous media 
involved with single- and/or multi-phase mass and momentum transport with surface-fluid 
effects as multi-phase mass transport in a fuel cell, water supply management in hydrogeology, 
nuclear waste disposal, and underground water flow modeling. To the best of the researcher’s 
knowledge, there has been no prior attempt to use such techniques. 
 6 
 
CHAPTER I  
APPLICATION OF PATH-PERCOLATION THEORY AND LATTICE-
BOLTZMANN METHOD TO INVESTIGATE STRUCTURE-PROPERTY 
RELATIONSHIP IN POROUS MEDIA 
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Abstract 
In this study, the path-percolation theory was applied to randomly generate porous media, 
and effective porosities of these domains were determined. A statistical approach was pursued to 
determine effective porosity with confidence levels of 95%, 97%, and 99%. Furthermore, the 
Lattice-Boltzmann method was applied to obtain the velocity distribution throughout the porous 
channels to evaluate effective tortuosity. Two dimensional lattices with nine velocity 
components were utilized for fluid flow simulations. A new effective diffusivity model for 
porous media was developed using effective porosity and tortuosity determined by path-
percolation and Lattice-Boltzmann theories, respectively. Diffusion behavior of gasses in porous 
media as a function of porosity is typically unpredictable when the porosity is below 0.6, but the 
developed diffusion model as a function of effective porosity is shown to be useful in all 
effective porosity ranges. 
Introduction 
Percolation theory describes a probabilistic model that includes a phase transition [1]. 
This theory can be used to simulate an inhomogeneous medium, which must be constituted by at 
least two phases. As an example, a virtual, square porous media can be constructed randomly 
with void and solid constituents and it can be considered as a flow path. Let us assign the 
probability of generating a void (pore) as p, hence the solid generation probability becomes 1-p. 
Percolation theory dictates that the fluid particles can only move in four directions; up, down, 
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left, and right, and they cannot move to cross nodes. The probability of an open path from the 
center of the porous domain to any of the sides is called the percolation probability and denoted 
by θ(p) [41]. Percolation probability becomes one if the whole domain is void, θ(1)=1, and it 
starts decreasing as p decreases. After a critical point called the percolation threshold, pc, it 
becomes zero. 
The Lattice Boltzmann Method (LBM) is a mesoscopic scale technique, which lies 
between microscopic and macroscopic scale analyses, and is utilized by investigating the 
behavior of a collection of particles as a unit [3, 6, 7]. A distribution function represents any 
property of these units. LBM can be used to simulate single and multiphase flows with a wide 
range of behaviors including condensation, cavitation, phase separation, surface interaction, etc. 
In this study, LBM was utilized to simulate mass and momentum flow in randomly generated 
porous media. 
There are a few studies which combine percolation theory and Lattice-Boltzmann 
applications to examine flow in porous media. Nabovati and Sousa [9] simulated fluid flow in 
two dimensional random porous media by using the Lattice-Boltzmann method to determine the 
relation between permeability and porosity. They randomly placed identical rectangles with free 
overlapping to construct the porous domains. It was found that the permeability decreased when 
the regularity of the porous medium was disturbed for the same porosity. Furthermore, 
permeability varied exponentially with porosity, independently from porous media organization. 
Koponen et al. [13] investigated the relationship between tortuosity and porosity by using a 
lattice-gas cellular automation method. In their simulations, they constructed their domain by 
randomly placing rectangles of the same size with free overlapping. A porosity range of 0.5 – 0.9 
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was used, while the tortuosity varied linearly with porosity. They also analyzed permeability and 
effective porosity of porous media by using the same methods as in [13] in another study [14]. A 
Newtonian, incompressible, two dimensional flow was used for the simulations and they 
obtained curve fit equations for tortuosity, effective porosity, and permeability as functions of 
porosity. Matyka et al. [15] performed a numerical study on the relation between tortuosity and 
porosity in a microscopic model of porous medium. The domain was arranged by freely 
overlapping squares and they obtained streamlines of the flow by using Lattice-Boltzmann 
theory. A new curve fit model was found for tortuosity depending on system size and porosity. 
Grucelski and Pozorski [16] applied the Lattice Boltzmann method to perform fluid flow and 
heat transfer computations. The domain was constructed by uniformly placing circular particles 
with different diameters within a certain range. They provided free overlapping and intersection 
of the particles with the system boundaries. The temperature profiles and pressure drop were 
obtained as the results of their study. 
A new alternative method called path-percolation modeling was developed by Jung et al. [2] to 
simulate the electrical property variations in a spatially disordered porous medium. This method 
was adapted to the determination of micro-properties related to mass transfer through a porous 
medium in this study. After randomly constructing the porous domain, and performing the 
cluster labeling, the Lattice-Boltzmann method was utilized to solve the momentum balance 
equation and obtain the velocity distribution throughout the channel. The uniqueness of this 
study is based on the statistical modeling it pursues and the cluster labeling process, which is 
described in detail in the following section. Preventing the overlapping is also another novel 
outcome described in this study. Besides the stochastic based random diffusion media 
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generation, the other target of the study is to develop a new effective diffusivity model suitable 
for all values of porosity using effective porosity, tortuosity, and diffusion ratio determined by 
combined path-percolation and Lattice Boltzmann methods. The results of this study will be 
useful to predict the mass diffusion behavior in any porous medium application. 
Path-Percolation Theory 
 
There are three steps in this adaptation of statistical based path-percolation theory. The 
first step is determination of the system characteristics, specifically; total node numbers, trials 
and porosity. To do this; a confidence-level study must be performed. After determining the 
system characteristics, a random porous media generation is done as the second step. Pores or 
solids are assigned to each node in the porous medium depending on the specified porosity. A 
cluster labeling process is followed to eliminate the unconnected (orphan) pores, since they have 
no ability to transport through porous media. The physical counterpart of the percolation 
probability is the effective porosity, which is a micro-property of the porous domain. The 
effective porosity is distinct from the porosity, and obtained after the cluster labeling process. 
Confidence Level Studies 
The confidence level [42] expresses the reliability of any estimate and values of 95%, 
97%, and 99% confidence levels were analyzed for our model. 
𝑃𝑟 {|
𝑘
𝑛
− 𝑝| ≤ 𝜀} = 𝐶𝐿 (1.1) 
 
In Equation (1.1), p stands for the probability of an event to occur, which is the probability of a 
pore to occur in a node in our analysis. Total trial number is represented by n whereas k stands 
for the number of cases of Pr {void} = p in n trials. Error is represented by ε and shows the 
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difference between the true and estimated probabilities of an event. Finally, Pr and CL represent 
the probability of the event in the brackets and confidence level, respectively. 
Equation (1.2) is obtained after applying the law of large numbers [42]:  
𝑃𝑟 {|
𝑘
𝑛
− 𝑝| ≤ 𝜀} = 2 𝔾(𝜀√
𝑛
𝑝𝑞
) − 1 = 𝐶𝐿 (1.2) 
where q=1-p is the probability of generating a solid, and 𝔾 is the Gaussian function which is 
related to error function as follows: 
𝔾(𝑧) −
1
2
= erf (𝑧) (1.3) 
after combining Equations (1.2) and (1.3), the following relation is obtained: 
erf (𝜀√
𝑛
𝑝𝑞
) =
𝐶𝐿
2
 (1.4) 
Error, ε, is accepted as 3x10-4 for this study. Although a wide porosity range was 
investigated in this study, confidence level studies of three cases with Φ=0.60, Φ=0.75, and 
Φ=0.90 were analyzed in detail, and the related p values are 0.60, 0.75, and 0.90, respectively. 
Hence, the q values (1-p) become 0.40, 0.25, and 0.10. The total number of histories were 
calculated by using Equation (1.4) and an error function table [42]. Mathematically, the number 
of the history is the trial number multiplied by the total nodes. The calculations and the results 
are shown in Table 1.1. 
Random Porous Media Generation with Cluster Labeling   
After determining the trial numbers needed and the total node numbers, porous media 
generation with cluster labeling can be started. It should be emphasized that the porous media 
generated here are considered as gas diffusion channels, and the lower and upper boundaries are 
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accepted as inflow and outflow boundaries, respectively, while the side walls are impervious 
boundaries, and thus reflective. 
An in-house program was developed to construct a porous medium by randomly 
assigning numbers between 1 and 100 to each node. After the random number assignment, the 
nodes with the values greater than 60 were accepted as solid and the remaining nodes became 
pores for a 60% porous medium simulation. Figures 1.1(a), (b), and (c) show a sample procedure 
for 60% porous media with low, medium, and high effective porosities, respectively. In this 
simple demonstration, 100 by 100 nodes were used. At this point, it must be emphasized that, 
since the transport of molecules is the basic consideration in this study; low, medium, and high 
effective porosities are therefore referred as worst, medium, and best cases, respectively. Hence, 
Figures 1.1(a), (b), and (c) show the worst, medium, and best cases for transport, respectively.  
The next step is the cluster labeling. The connected pores are grouped into clusters. Clusters that 
are connected to neither inflow nor outflow boundaries are eliminated and considered as 
orphaned and isolated, and are therefore equivalent to a solid. After cluster labeling, the effective 
diffusion domains are obtained as shown in Figure 1.1. The porosity of the effective domain is 
called the effective porosity. For the cases shown in Figures 1.1(a), (b), and (c) the effective 
porosities obtained are 0.1634 for the worst case, 0.3119 for the medium case, and 0.5144 for the 
best case, respectively. The entire path-percolation method procedure including the confidence 
level analyses was analyzed in the results section to explain and illustrate this model thoroughly.  
Lattice-Boltzmann Method 
Ludwig Boltzmann’s works [3] are based on a statistical treatment performed for the 
particles that constitute a gas. Actions of the gas particles can be described by two mechanisms; 
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streaming in space and collisions. Detailed information about the kinetic theory of gases can be 
found in references [3, 6, 7]. The Lattice-Boltzmann Method (LBM) is a simplified form of 
Boltzmann’s original view, by which the particle spatial positions are reduced and time is 
discretized into distinct steps. In this study, it was applied to obtain the velocity distribution and 
tortuosity for the porous channels, which were generated by statistical path-percolation theory. 
RAE Selection 
Although LBM is not as mathematically complicated as Navier-Stokes equations, since it 
is a first order partial differential equation (PDE), whereas the latter is second order, it is still 
computationally intensive. Therefore, before  
applying LBM to the current problem, a representative smaller domain should be chosen from 
the entire domain, which is called the representative area element (RAE). The RAE is a finite 
area in the domain, which represents the macroscopic properties of the entire domain with a 
specified accuracy. 
In the current problem, the represented (post-cluster-labeling) macroscopic property is 
the effective porosity. However, the aim of using LBM is to solve the momentum balance 
equations and to determine the effective tortuosity. Hence, a single RAE may not represent the 
tortuosity of the entire porous domain with the desired accuracy, although it may represent the 
porosity of the entire area. Therefore, an alternative method is used in this study; instead of 
choosing a single RAE, a set of small areas called a statistical representative area element set 
(SRAE Set) is optimally chosen from the entire domain [43, 44]. There are two steps to 
determine SRAE. First, the size of the small areas must be considered. Then, the number of the 
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small areas in a set should be determined. For the first step, the domain was divided into sixteen 
regions, as shown in Figure 1.2.  
Starting from a 1x1 matrix from the top-left corner of each section, matrix sizes are 
increased as 2x2, 3x3, etc. and the porosities are plotted against the matrix size. To do this, a 
random porous medium with 75% porosity is generated as described in Section 2. Then, the 
relative error between the porosities of the domain and the SRAEs were plotted against the 
SRAE size for each section shown in Figure 2. Four of these plots can be seen in Figure 3 and 
will be analyzed in the results section.  
After the determination of the SRAE size, the number of elements in an SRAE set must 
be determined as the second step. To do this, confidence level studies are revisited. Total number 
of histories were already determined in Section 2.1, and as explained in Section 4.1, 99% 
confidence level is applied for tortuosity determination. Therefore, the node number and the total 
SRAE set number must be calculated for the momentum balance analysis regarding to the total 
history numbers shown in Table 1.1. The results are shown in Table 1.2. 
The procedure is the same as before, except the node numbers. In this table, total history 
is defined as the multiplication of the SRAE set number (number of small RAEs), trial number, 
and node number of a single RAE. 
To choose the constituents of the sets optimally, the entire domain is scanned and all 
possible SRAEs with the determined size are extracted and the errors are calculated. Starting 
from the SRAE with the smallest error (the best option), several SRAEs are added, respectively, 
and the ensemble average of the porosities with the relative errors are calculated (Figure 1.4). 
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It is expected that when the number of elements in an SRAE set increases, the relative 
error between the effective porosity of the entire domain and the ensemble averaged porosities 
will also increase, since the elements are optimally chosen. The ensemble averages for any 
property can be calculated as follows: 
?̂? =
1
𝑁
∑ 𝑋𝑚
𝑁
𝑚=1
 (1.5) 
 
In Equation (1.5), 𝑋𝑚 is any property of the m
th element, N is the total element number, and ?̂? is 
the ensemble average. The detailed analysis is explained in the results section. 
 
LBM Utilization 
In this section, application of LBM to the SRAEs are described. D2Q9 is a Cartesian 
lattice with 2 dimensions and 9 velocity components as seen in Figure 1.5(a) where f represents 
the velocity distribution function.  
All nodes of the domain, which was obtained from path-percolation theory, are treated as 
D2Q9 lattices. The velocities of the lattices can be written as follows: 
𝑐0,𝑥 = 0, 𝑐0,𝑦 = 0,  𝑐1,𝑥 = 1, 𝑐1,𝑦 = 0,  𝑐2,𝑥 = 0, 𝑐2,𝑦 = 1 
(1.6) 𝑐3,𝑥 = −1, 𝑐3,𝑦 = 0,  𝑐4,𝑥 = 0, 𝑐4,𝑦 = −1,  𝑐5,𝑥 = 1, 𝑐5,𝑦 = 1 
𝑐6,𝑥 = −1, 𝑐6,𝑦 = 1,  𝑐7,𝑥 = −1, 𝑐7,𝑦 = −1, 𝑐8,𝑥 = 1, 𝑐8,𝑦 = −1 
 
Collisions and streaming can be calculated by Equations (1.7) and (1.8), respectively, where f is 
defined as the distribution function.  
𝑓𝑘(𝑥 + 𝑐∆𝑡, 𝑦 + 𝑐∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑘(𝑥, 𝑦, 𝑡) = −𝛀[𝑓𝑘(𝑥, 𝑦, 𝑡) − 𝑓𝑘
𝑒𝑞(𝑥, 𝑦, 𝑡)] (1.7) 
  
𝑓𝑘(𝑥 + ∆𝑥, 𝑦 + ∆𝑦, 𝑡 + ∆𝑡) = 𝑓𝑘(𝑥, 𝑦, 𝑡 + ∆𝑡) (1.8) 
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In Equations (1.7) and (1.8), c, x, y, and t represent speed of sound, horizontal coordinate, 
vertical coordinate, and time, respectively. 𝛀 is the collision matrix as shown in Equation (1.9): 
Ω = 𝑀−1𝑆𝑀 (1.9) 
 
The constant matrix, M, and the relaxation matrix, S, are shown in Equations (1.10) and (1.11), 
respectively [6].  
𝑀 =
[
 
 
 
 
 
 
 
 
1 1 1 1 1 1   1 1 1
−4   −1   −1   −1   −1   2   2 2 2
4 −2   −2   −2   −2     1    1 1 1
0 1 0 −1   0 1   −1   −1   1
0 −2   0 2 0 1   −1   −1   1
0 0 1 0 −1   1   1 −1   −1   
0 0 −2   0 2 1   1 −1   −1   
0 1 −1   1 −1   0   0 0 0
0 0 0 0 0 1   −1   1 −1   ]
 
 
 
 
 
 
 
 
 (1.10) 
 
𝑆 =
[
 
 
 
 
 
 
 
 
𝑠0 0 0 0 0 0 0 0 0
0 𝑠1 0 0 0 0 0 0 0
0 0 𝑠2 0 0 0 0 0 0
0 0 0 𝑠3 0 0 0 0 0
0 0 0 0 𝑠4 0 0 0 0
0 0 0 0 0 𝑠5 0 0 0
0 0 0 0 0 0 𝑠6 0 0
0 0 0 0 0 0 0 𝑠7 0
0 0 0 0 0 0 0 0 𝑠8]
 
 
 
 
 
 
 
 
 (1.11) 
 
𝑠0 = 𝑠3 = 𝑠5 = 1,          𝑠4 = 𝑠6 = 1.2,          𝑠1 = 𝑠4 − 0.1   
(1.12) 
 
𝑠2 = 𝑠1 − 0.1,                 𝑠7 = 𝑠8 =
2
1 + 6𝜈
 
 
where 𝜈 is the kinematic viscosity. fkeq is the equivalent distribution factor and can be formulated 
as follows:    
𝑓𝑘
𝑒𝑞(𝑥, 𝑦, 𝑡) = 𝑤𝑘𝜌(𝑥, 𝑦, 𝑡) [1 + 3
𝑐𝑘⃗⃗  ⃗ ∙ ?⃗? 
𝑐2
+
9
2
(𝑐𝑘⃗⃗  ⃗ ∙ ?⃗? )
2
𝑐4
−
3
2
?⃗? 2
𝑐2
] (1.13) 
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where, k, ρ, 𝑐𝑘⃗⃗  ⃗, and ?⃗?  are lattice index, macroscopic density, unit lattice velocity, and velocity 
vector (?⃗? = 𝑢𝑖 + 𝑣𝑗 ), respectively. wk is the weighting factor, which is defined for all lattice 
components in Equation (1.14) and c is equal to 1/√3. 
𝑤0 = 4/9   
(1.14) 𝑤1 = 𝑤2 = 𝑤3 = 𝑤4 = 1/9 
𝑤5 = 𝑤6 = 𝑤7 = 𝑤8 = 1/36 
The lattice density, and horizontal and vertical components of a lattice velocity can be 
determined by Equations (1.15), (1.16), and (1.17), respectively.   
𝜌 = ∑ 𝑓𝑘
8
𝑘=0
 (1.15) 
  
𝑢 =
1
𝜌
∑ 𝑐𝑘,𝑥𝑓𝑘
8
𝑘=0
 (1.16) 
  
𝑣 =
1
𝜌
∑ 𝑐𝑘,𝑦𝑓𝑘
8
𝑘=0
 (1.17) 
 
Bounce back boundary conditions were applied on side walls, whereas the lower 
boundary is input and the upper boundary is open. In Figure 5(b), three lattices at the boundaries 
are shown. The velocity vectors shown by dashed lines are not known, whereas the solid lines 
were calculated from streaming process. For the left and right side boundaries; fluid molecules 
bounce back from the walls. Hence, the dashed vectors become equal to solid ones. For inflow 
boundary, which is at the bottom of the channel; an equilibrium condition is used as shown in 
Equations (1.18) to (1.20).   
𝑓2 − 𝑓2
𝑒𝑞 = 𝑓4 − 𝑓4
𝑒𝑞
 (1.18) 
𝑓6 − 𝑓6
𝑒𝑞 = 𝑓8 − 𝑓8
𝑒𝑞
 (1.19) 
𝑓5 − 𝑓5
𝑒𝑞 = 𝑓7 − 𝑓7
𝑒𝑞
 (1.20) 
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Tortuosity (𝜏) is a measure of the actual path travelled by a particle, λ, divided by the 
shortest distance between the same points, H. 
𝜏 =
𝜆
𝐻
 (1.21) 
An alternative way to determine the tortuosity by using the velocity profiles in the porous 
channel is shown in Equation (1.22). 
𝜏 =
∫ 𝑉𝑑𝐴
𝐴
∫ 𝑣𝑑𝐴
𝐴
 (1.22) 
 
Bruggeman’s equation [45] is an approximation for the effective diffusion coefficient in porous 
media calculations and can be written as follows: 
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘Φ
𝑚 (1.23) 
Deff and Dbulk represent the effective diffusion coefficient and bulk diffusion coefficient, 
respectively. In this equation, the power of the porosity is caused by the tortuosity which is 
assumed to be the denominator. Bruggeman’s approximation estimates the tortuosity as follows 
[46]:  
𝜏 = Φ−0.5 (1.24) 
Hence, m becomes 1.5. 
Carman [11], related the tortuosity to the effective diffusion coefficient:  
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘
Φ
𝜏
 (1.25) 
 Both approximations are analyzed in this study. 
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Results 
This study was initiated with random porous media generation by path-percolation method. The 
first step was the confidence level studies to obtain the needed total histories. Then, three 
effective porous domains were demonstrated for the worst, the medium, and the best transport 
cases. Path-percolation results are analyzed in Section 4.1. Before applying the LBM, SRAE sets 
were chosen and statistical representative area elements were determined. Hence, velocity fields 
were obtained in several domains and tortuosities were calculated using Equation (1.22). LBM 
results are discussed in Section 4.2. Effective porosities resulted by path-percolation theory and 
tortuosities calculated by LBM were used to derive a new model for effective diffusion 
coefficient. These results are summarized in Section 4.3. 
Path-Percolation Theory 
The path-percolation theory was applied for 60%, 75%, and 90% porous media with 
95%, 97%, and 99% confidence levels. Probability distributions against porosity were plotted for 
all three porous media and confidence levels as seen in Figure 1.6.  
To do this, porosities were divided into subgroups and after each simulation, the resulting 
porosity was added to its subgroup. The vertical axis is the occurrence frequency of the 
subgroups. As seen in the figures, the probability curves are Gaussian. In the case of 99% 
confidence level, the porosity ranges are smaller than the other cases. When confidence level 
decreases, the range of the probable porosity of the randomly generated porous media increases. 
Furthermore, the frequency of the desired porosity level increases with confidence level. Based 
on Figure 6, 99% confidence level was used in the remaining results described in this work. 
In Figure 1.7(a), the probability distributions for porosities and effective porosities were 
plotted for all three porous cases with 99% confidence level. In Figure 1.7(b), the target porosity 
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is 90%, and it is observed that the probability distribution of effective porosity almost coincides 
with that for porosity. As seen in Figures 1.7(c) for 75% porosity, and (d) for 60% porosity, 
when the target porosity decreases, the effective porosity - probability distribution curve 
becomes wider in range, and shifts to the left. The Gaussian shape becomes more disturbed when 
the target porosity approaches to the percolation threshold. Figure 1.7(d) shows that the porosity 
probability curve is quite narrow in range and the frequency of the target porosity range almost 
reaches to 50%. As seen in Table 1.1, the node numbers and the trial number for this case are 
200x200 and 443, respectively. However, the effective porosities are in a wide porosity range.  
The same result is also explained in Figure 8. Here, three different simulations can be 
seen for the case of 60% porosity and 99% confidence level. Figures 1.8 (a), (b), and (c) 
demonstrates the best, medium, and worst transport cases, respectively. Porosities in all these 
cases are almost the same; 0.60505, 0.59890, and 0.59720. On the other hand, the effective 
porosities show significant differences. They are 0.499025, 0.321800, and 0.139800 for the best, 
medium, and worst cases, respectively. 
The same conclusion can also be seen in Figure 9 (a). In this figure, porosities before and 
after the cluster labeling are plotted, and the effective porosities observed as more predictable for 
higher porosities. It is important to note that when porosity approaches the percolation threshold 
(Section 1) or the confidence level decreases, significant variances occur in the effective 
porosities. 
The Lattice Boltzmann Model 
Before utilizing LBM on the current problem, an SRAE set was constructed for each 
porous domain created by path-percolation theory as described in Section 3.1. A porous domain 
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was created and divided into 16 regions, as seen in Figure 1.2. Starting from the left upper part of 
each section by a 1x1 matrix (just a node), the node numbers were increased until the subdomain 
took the entire region. The relative errors between the porosities of the entire domain and the 
subdomains against the total node numbers of the subdomains, named statistically representative 
area elements, were plotted. Four of these sixteen regions were selected randomly for 
presentation as seen in Figure 1.3. For this study, it was decided that the relative errors of less 
than 1% was acceptable. Hence, 40x40 nodes were considered as sufficient after observing the 
results in all regions. 
After deciding the total node number of an SRAE, element number in a SRAE was 
determined by confidence level studies. For each SREV set, 25 RAEs were determined as seen in 
Table 1.2. To optimally select these representative areas, the entire effective porous domain was 
scanned and all possible 40x40 area elements were extracted. Porosities and relative errors were 
calculated and the extracted areas were ranked according to their errors. Starting from one area 
element, tortuosities against the area element number were plotted, as seen in Figure 1.4. It 
should be noted that the ensemble averages were calculated by Equation (1.5), whereas the 
tortuosities were computed as explained in Section 3.2. To do this, Lattice-Boltzmann method in 
two dimensions was utilized to simulate the momentum transfer in the SRAE sets, which were 
extracted from porous media created by path-percolation theory. After obtaining the velocity 
distribution, tortuosity was calculated by using Equation (1.22). As a summary, an SRAE set, 
including twenty-five statistical area elements with 40x40 nodes, was considered as an RAE. 
Therefore, the ensemble averaged properties of these sets were considered as the property of the 
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RAE. Hence, tortuosities of the porous media generated by path-percolation theory were 
computed by using Lattice-Boltzmann method to obtain a new diffusion model. 
One of the tests for 60% porosity is explained here in detail to clarify the entire 
procedure. An inhomogeneous porous medium was generated as seen in Figure 1.10(a) and the 
effective domain was obtained after cluster labelling process as shown in Figure 1.10(b). The 
porosity and effective porosity of this example are 0.597050 and 0.305625, respectively. Then, 
25 representative area elements were extracted from the domain. The maximum relative error 
between the effective porosities of the selected RAEs and the entire domain is 1.287x10-12. Then, 
momentum balance equation in all the RAEs was solved using LBM and the ensemble tortuosity 
of the SRAE was determined as 1.33467. Three of the RAEs with the velocity directions are 
shown in Figure 1.10(c) to (e).   
The probability distributions for effective tortuosities for all porosity cases with 99% 
confidence level is shown in Figure 1.11.  
As seen in the figure, the effective tortuosity has a great probability to have values 
between 1.0 and 1.2 for the case of 90% porosity. When porosity decreases, the range of the 
probable tortuosity values broadens. In addition, it can be seen that when the porosity increases, 
the occurrence frequency of a value of tortuosity also increases, hence the tortuosity can be said 
more predictable for higher porosities. 
A New Deff/Dbulk Model 
A new approach was pursued in developing a new effective diffusion model using 
effective porosity instead of porosity. Further simulations were performed in addition to the 
results with the porosities of 60%, 75%, and 90% to include a wider range of porosity. Figure 
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1.12 shows a comparison between Bruggeman and Carman models with effective diffusion 
coefficient.  
It must be stated that in both of these models, the porosity term was changed to the 
effective porosity. Deff/Dbulk values were calculated using Φ𝑒𝑓𝑓 and 𝜏 obtained from path-
percolation theory and Lattice-Boltzmann model and plotted against effective porosity for both 
models. As the effective porosity increases, two models predict closer effective diffusion 
coefficients. For the lower effective porosities, the Carman model has higher estimates. This is 
caused by the tortuosity factor. A new model is developed by using the path-percolation and 
LBM results and it can be seen in Figure 1.12 and Equation (1.26). The superscript counts for the 
tortuosity factor. 
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘𝛷𝑒𝑓𝑓
1.6556 (1.26) 
This model is a starting point for this series of diffusion studies. There are several sources 
of potential error, which are the subject of ongoing study. First of all, this model is two-
dimensional and there is a significant loss of accuracy because of this lack of geometry in the 
third dimension. Second, only the Carman model and simulation results were used for this 
model, and experimental validation is needed.  
The advantage of including effective porosity instead of porosity in this model is the 
better accuracy in effective diffusion coefficient prediction especially when porosity is lower 
than 0.6. It is caused by the effects of tortuosity as shown in Figures 1.9(b) and (c). In these 
figures, it can be observed that when porosity is 0.6, the tortuosity range is much wider than that 
for the effective porosity. In other words, tortuosity is more predictable as a function of effective 
porosity than porosity. Therefore, the effective diffusion coefficient becomes much predictable 
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since it is strongly dependent on tortuosity. Note that, the effective porosity becomes zero when 
the porosity is below 0.6 and there is no mass flow observed in the domain at this porosity range. 
Thus, tortuosity becomes indeterminate.  On the other hand, the physical porosity of any porous 
sample can be obtained experimentally very easily, but the effective porosity determination 
implies a path-percolation application, hence an additional effort. Hence, a digitized domain of 
the porous sample must be obtained to determine the effective porosity, before using this model. 
Conclusion 
Statistical based path-percolation theory was utilized to investigate the effective porosity 
of porous media in this study. Porous media were generated in a random manner and the orphan 
pores were eliminated by cluster labelling. Confidence levels of 95%, 97%, and 99% were 
examined and probability distributions for porosities and effective porosities were analyzed. 
When the porosity approaches the percolation threshold, or the confidence level decreases, the 
effective porosity becomes less predictable. A representative area element was determined to 
utilize the Lattice-Boltzmann simulations. A statistical approach was pursued and instead of 
using one RAE, an optimal set of statistical area elements were optimally extracted from the 
porous domain. After the size and the number of elements in a set were determined, LBM was 
performed to obtain the velocity distributions and tortuosity in porous channels. 
Using the effective porosities determined by path-percolation theory and the tortuosity values 
determined by LBM, an effective diffusion model was developed for dry porous media. In the 
new model, effective diffusion coefficient is a function of effective porosity instead of porosity 
and it is valid for all effective porosity ranges. The results of this work can be used in any porous 
media application related to heat and mass transfer.
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Table 1.1. History calculations for path-percolation model. 
Confidence 
Level 
𝐞𝐫𝐟(𝜺√
𝒏
𝒑𝒒
) 𝜺√
𝒏
𝒑𝒒
 𝝓 𝒏 Trials Nodes 
95% 0.475 1.9604 
0.90 3,843,168 384 
100x100 0.75 8,006,600 801 
0.60 10,248,448 1025 
97% 0.485 2.1707 
0.90 4,711,938 209 
150x150 0.75 9,816,539 436 
0.60 12,565,169 558 
99% 0.495 2.5767 
0.90 6,639,383 166 
200x200 0.75 13,832,048 346 
0.60 17,705,021 443 
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Table 1.2. History calculations for Lattice-Boltzmann model. 
Confidence 
Level 
𝐞𝐫𝐟(𝜺√
𝒏
𝒑𝒒
) 𝜺√
𝒏
𝒑𝒒
 𝝓 𝒏 Trials 
SREV 
Nodes 
SREV 
Set 
Number 
99% 0.495 2.5767 
0.90 6,639,383 166 
40x40 25 0.75 13,832,048 346 
0.60 17,705,021 443 
 
 
 
 28 
 
(a) 
(b) 
(c) 
 
 
 
 
Figure 1.1 Random porous medium generation for three cases: (a) the worst case; porosity: 0.6002, effective porosity: 0.1634 (b) the 
medium case; porosity: 0.5975, effective porosity: 0.3119 (c) the best case; porosity: 0.6051, effective porosity: 0.5144. 
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Figure 1.2. SRAE size determination.
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       (a)         (b) 
 
       (c)         (d) 
Figure 1.3. SRAE size determination results. 
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Figure 1.4. SRAE element number determination; tortuosity against the element number.
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                        (a)         (b) 
Figure 1.5. A D2Q9 lattice (a) a lattice and its velocity components (b) red arrows are the lattice 
velocities at boundaries; the dashed ones are unknown.  
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      (a)                      (b) 
 
             (c) 
Figure 1.6. Probability distributions of porosities of three cases for three confidence levels, (a) 
Φ=90%, (b) Φ=75%, (c) Φ=60%. 
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   (a)               (b) 
 
   (c)               (d) 
Figure 1.7. Probability distributions of porosities and effective porosities for three cases. 
Confidence level is 99%. (a) All three porosities (b) Φ=90%, (c) Φ=75%, (d) Φ=60%. 
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(a) 
 
(b) 
 
(c) 
Figure 1.8. Initial and final forms of three porous samples (a) Best Case (Φ=0.605050, 
Φeff=0.499025), (b) Medium Case (Φ=0.598900, Φeff=0.321900), (c) Worst Case (Φ=0.597200, 
Φeff=0.139800. 
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             (a)        (b) 
 
     (c) 
Figure 1.9. Path-Percolation results – (a) Effective porosity vs. porosity. The horizontal axis is 
the target porosities of the domains generated by path-percolation method. For higher porosities, 
the effective porosities are quite predictable. When the target porosity decreases, effective 
porosities can take many different values, hence become difficult to predict, (b) tortuosity vs. 
porosity, (c) tortuosity vs. effective porosity.
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Figure 1.10. An example procedure for a 60% porosity medium; (a) inhomogeneous porous 
domain with Φ=0.59705, (b) effective domain with Φeff=0.59705, (c) τ=1.30127, (d) τ=1.39888, 
(e) τ=1.31409.  
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       (a)           (b) 
 
                   (c) 
Figure 1.10. Continued 
Before Cluster Labelling
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
50 100 150 200
50
100
150
200
After Cluster Labelling
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
50 100 150 200
50
100
150
200
Area Element #1
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
5 10 15 20 25 30 35 40
5
10
15
20
25
30
35
40
 39 
 
 
 
                    (d) 
 
                   (e) 
Figure 1.10. Continued 
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(a) 
 
(b) 
 
(c) 
Figure 1.11. Probability distributions of tortuosities for three cases with a confidence level of 
99%, (a) Φ=60%, (b) Φ=75%, (c) Φ=90%. 
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Figure 1. 12. Bruggeman, Carman, and the new effective diffusivity model – Deff/Dbulk vs. 
effective porosity. 
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CHAPTER II  
 A COMBINED PATH-PERCOLATION - LATTICE-BOLTZMANN 
MODEL APPLIED TO MULTI-PHASE MASS TRANSFER IN POROUS 
MEDIA 
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Abstract 
 
In this chapter, single-component single-phase, and single-component multi-phase 
Lattice-Boltzmann models were developed to investigate the effects of liquid formation on mass 
transfer in porous channels via path-percolation theory. A two-dimensional lattice with nine 
velocity components was used in both lattice-Boltzmann models. A confidence level of 99% was 
utilized to obtain statistical results of porosity, effective porosity, and tortuosity of the system 
with 0%, 10%, and 20% liquid formation. Velocity distributions in randomly generated 
inhomogeneous porous channels with different solid-liquid-vapor combinations were analyzed. 
The statistical results show that the porosity range of the initially generated porous media lies 
between the specified error limit of 0.001 determined by the confidence level study for all three 
cases with 70%, 80%, and 90% target porosity. When target porosity decreases, the difference 
between porosity and effective porosity increases and the effective porosity range gets wider 
than the range of porosity. Effective diffusion coefficient decreases with increase in liquid 
formation, since the effective porosity decreases. An application programming interface called 
OpenMP was implemented on the developed serial in-house program and the effects of 1 to 4 
threads on program performance and efficiency were investigated. The maximum speedup and 
performance gained are 3.3553 and 1.275 GFlops for 4 threads of a personal computer with a 
38.4 GFlops peak performance.  
Introduction 
The Lattice-Boltzmann equation was derived by Ludwig Boltzmann in 1872, and is 
counted as the cornerstone of the kinetic theory of gases [4]. The Lattice-Boltzmann Method 
(LBM) is an explicit technique based on Ludwig Boltzmann’s kinetic theory of gases [3] used to 
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simulate transport equations. In kinetic theory, a statistical treatment is performed for fluid 
particles, and the actions of these particles are described by streaming and collision mechanisms. 
Detailed information about the kinetic theory of gases can be found in references [3-6]. The 
LBM treats a group of particles as a lattice unit and investigates the behavior of the units in the 
system. In terms of computational fluid dynamics, LBM can be used to simulate single and 
multiphase flows, and in this study it was applied to simulate two-phase momentum transfer in 
porous media. Many studies with multi-phase LBM in porous media can be found in literature 
[17-25]. Among these, the authors decided to develop a single-component multiphase (SCMP) 
LBM model similar to that in the study of Chau et al. [26]. They used a two-dimensional, SCMP 
LBM code to investigate the effects of gravity on liquid formation, hence the gaseous diffusion 
in partially saturated porous media. They found that the relative (effective) diffusion coefficient 
shows about a 25% difference between different liquid configurations under zero gravity. The 
target of the current study is observing the effects of liquid formation on diffusivity by 
determining the effective porosity and tortuosity in randomly generated inhomogeneous porous 
channels with 0%, 10%, and 20% liquid formation based on a statistical point of view.  
A statistical based “path-percolation theory” was developed by Jung et al. [2] to 
investigate the electrical property variations in inhomogeneous porous media. A process called 
“cluster labelling” was applied for a path determination scheme. Cekmer et al. [47] applied this 
theory with a combination of a single-phase lattice-Boltzmann model to investigate the mass 
transfer in randomly generated inhomogeneous porous media. A new effective diffusion model 
was developed in terms of effective porosity obtained by eliminating the orphan pores, which 
were not connected to the pathways between the inlet and outlet of a channel. This model was 
 45 
 
also tested and compared with two well-known diffusion models [11, 45]. In this study, the path-
percolation theory was utilized to generate random inhomogeneous porous channels and 
determine the effective porosity after liquid particles plugged some of the paths for the particles 
in vapor-phase.  
In addition, an application programming interface called open multi-processing 
(OpenMP) was implemented to the code to gain higher performance and speedup, which is 
defined as the runtime ratio of the codes with single- and multi- threads. OpenMP was applied to 
solve SCMP LBM for many representative area elements of random porous channels by multi 
threads simultaneously instead of sharing a single LBM simulation to avoid the time lost by 
message passing between the nodes. However, the main novelty of this article is its statistical 
results of multi-phase effective diffusion process for a number of different solid-vapor-liquid 
configurations determined by the confidence level studies.  
The motivation of this work is to develop a statistical based diffusion behavior estimation 
of two-phase systems in inhomogeneous porous media, following on previously developed work 
valid for single-phase flow only [47]. This work will provide a better understanding of the effects 
of internal structure of the porous channels on multi-phase mass flow than macroscopic 
approaches. The novel methods introduced and the outcome of the work can be utilized in any 
application area of heterogeneous porous media involving single- and multi-phase mass and 
momentum transport. Furthermore, the increased performance of the computational model with 
OpenMP implementation is another significant improvement, since it has a potential to provide a 
more accurate statistical results with a higher confidence level using high performance 
computing systems. 
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Methodology 
Three different models were used in this study to investigate the effects of liquid formation on 
mass transfer in randomly generated porous media. The first one is called the path-percolation 
model and used for random porous media generation and cluster labelling process, which are 
explained in the following section. Then, a single-component single-phase (SCSP) LBM was 
utilized to solve the momentum balance equation and obtain the velocity distribution in 
representative area elements of the randomly generated channels. As the third model, a SCMP 
LBM was applied to observe the effects of liquid formation on mass transfer. Furthermore, 
parallel processing by OpenMP was implemented to the code and a performance analysis was 
performed. 
Inhomogeneous Porous Media Construction 
The statistical based path-percolation theory was used to generate random 
inhomogeneous porous media as the first step of the current study. To start with, a confidence 
level study was performed to obtain the necessary trial and node numbers of the simulations. A 
detailed analysis of confidence level studies can be found in [2, 47, 48]. In the current work, 99% 
confidence level was considered and procedure of the history number determination is as 
follows: 
  The confidence level [48] expresses the reliability of any estimate: 
𝐶𝐿 = 𝑃𝑟 {|
𝑘
𝑛
− 𝑝| ≤ 𝜀} (2.1) 
In Equation (2.1), p is the probability of a pore to occur in a node, which is called the 
porosity in this study. Total history number is represented by n whereas k stands for the number 
of void generation in n histories. Error is represented by ε and shows the difference between the 
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true and estimated probabilities of an event. As an example, if ε is 1% for a target porosity of 
90%, then the resulting porosity of the statistically generated porous media would be between 
89% and 91%, by a 99% of probability. Finally, Pr and CL represent the probability of the event 
in the brackets and confidence level, respectively. In this study, CL and ε are 0.99 and 0.001, 
respectively. Hence, Equation (2.1) says that the confidence level of 99% is the probability of the 
difference between the estimated and the true probabilities of the porosity to be lower than or 
equal to the assigned error, which is 0.001. After the application of the law of large numbers 
[48], Equation (2.2) is obtained:  
𝑃𝑟 {|
𝑘
𝑛
− 𝑝| ≤ 𝜀} = 2 𝔾(𝜀√
𝑛
𝑝𝑞
) − 1 = 𝐶𝐿 (2.2) 
In Equation (2.2), q is the probability of generating a solid, hence it is 1-p, and 𝔾 is the Gaussian 
function which is related to the error function as follows: 
 𝔾(𝑧) −
1
2
= erf (𝑧) (2.3) 
The following equation is obtained after inserting Equation (2.3) into Equation (2.2): 
𝐶𝐿
2
= erf (𝜀√
𝑛
𝑝𝑞
) (2.4) 
Confidence level of 99% was applied to all three cases of Φ=0.70, Φ=0.80, and Φ=0.90 
reminding that the related p values are 0.70, 0.80, and 0.90, respectively. Hence, the q values (1-
p) become 0.30, 0.20, and 0.10. The total number of history (n) is the trial number of the 
simulations multiplied by the total node number and is calculated by Equation (2.4) and an error 
function table [48]. The calculations and the results are shown in Table 2.1.  
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Hence, the trial number and node number for all three cases were determined and the next 
step is performing the simulations. An in-house program was developed to random 
inhomogeneous porous media generation by assigning random numbers to each 10,000 nodes. 
Then, depending on the porosity, the nodes are labeled as solid or void, reminding that the 
porous media generated here are considered as gas diffusion channels, and the lower and upper 
boundaries are accepted as inflow and outflow boundaries, respectively, while the side walls are 
impervious boundaries, and thus reflective.  
For the next step, the cluster labeling process was performed [2, 47] by clustering the 
inter-connected pores. Orphaned (or isolated) clusters, which were not connected to either inflow 
and outflow boundaries, were eliminated and considered equivalent to a solid. The domain 
obtained after the cluster labeling process is called the effective domain, and the porosity of the 
effective domain is called the effective porosity. Thus, a single-component multiphase model can 
be developed now to investigate the momentum flow in the effective domains (channels) 
constructed by the path-percolation theory. 
The Lattice-Boltzmann Model 
The Lattice-Boltzmann Method (LBM) is a mesoscopic approach which lies between 
microscopic and macroscopic approaches. In LBM, individual particle tracking is not followed 
as in a true microscopic approach nor are the averaged properties of the entire system averaged 
as in a macroscopic approach. Instead, the average property of a selected cluster of molecules is 
used. The probability density function, f, must be introduced before analyzing the Lattice-
Boltzmann model (LBM). The probability of a molecule to be at position 𝑥  at time t with 
momentum 𝑝  is called the probability density (or probability distribution) function, and 
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symbolized as 𝑓(𝑥 , 𝑝 , 𝑡). In this study, a two-dimensional lattice system called D2Q9 is applied to 
solve the momentum balance equation as shown in Figure 1(a). A D2Q9 has nine velocity 
components in two dimensions. The following coupled discretized equations are used for the 
collision and streaming steps [4]. 
𝑓𝑘(𝑥 + 𝑐∆𝑡, 𝑦 + 𝑐∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑘(𝑥, 𝑦, 𝑡) = −
1
𝜏
[𝑓𝑘(𝑥, 𝑦, 𝑡) − 𝑓𝑘
𝑒𝑞(𝑥, 𝑦, 𝑡)] (2.5) 
  
𝑓𝑘(𝑥 + ∆𝑥, 𝑦 + ∆𝑦, 𝑡 + ∆𝑡) = 𝑓𝑘(𝑥, 𝑦, 𝑡 + ∆𝑡) (2.6) 
 
fk
eq is the equivalent distribution function, and formulated for D2Q9 lattice as follows [5]:    
𝑓𝑘
𝑒𝑞(𝑥, 𝑦, 𝑡) = 𝑤𝑘𝜌(𝑥, 𝑦, 𝑡) [1 + 3
𝑐𝑘⃗⃗  ⃗ ∙ ?⃗? 
𝑐𝑠2
+
9
2
(𝑐𝑘⃗⃗  ⃗ ∙ ?⃗? )
2
𝑐𝑠4
−
3
2
?⃗? 2
𝑐𝑠2
] (2.7) 
 
where, k, ρ, and 𝑐𝑘⃗⃗  ⃗ are lattice index (0 to 8 as shown in Figure 1), macroscopic density, and unit 
lattice velocity vector, respectively. The lattice speed of sound is represented by 𝑐𝑠 and equal to 
1/3. The unit velocities of the lattice shown in Figure 1(a) can be written as: 
𝑐0,𝑥 = 0, 𝑐0,𝑦 = 0,  𝑐1,𝑥 = 1, 𝑐1,𝑦 = 0,            𝑐2,𝑥 = 0, 𝑐2,𝑦 = 1 
 (2.8) 𝑐3,𝑥 = −1, 𝑐3,𝑦 = 0,  𝑐4,𝑥 = 0, 𝑐4,𝑦 = −1,            𝑐5,𝑥 = 1, 𝑐5,𝑦 = 1 
𝑐6,𝑥 = −1, 𝑐6,𝑦 = 1,  𝑐7,𝑥 = −1, 𝑐7,𝑦 = −1,           𝑐8,𝑥 = 1, 𝑐8,𝑦 = −1 
Furthermore, wk in Equation (2.7) is the weighting factor and defined for all lattice components 
as: 
𝑤0 = 4/9   (2.9) 
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𝑤1 = 𝑤2 = 𝑤3 = 𝑤4 = 1/9 
𝑤5 = 𝑤6 = 𝑤7 = 𝑤8 = 1/36 
 
The lattice density, and lattice velocity components are related to the probability distribution 
function as shown in Equations (2.10) to (2.12).   
𝜌 = ∑ 𝑓𝑘
8
𝑘=0
 (2.10) 
  
𝑢𝑥 =
1
𝜌
∑ 𝑐𝑘,𝑥𝑓𝑘
8
𝑘=0
 (2.11) 
  
𝑢𝑦 =
1
𝜌
∑ 𝑐𝑘,𝑦𝑓𝑘
8
𝑘=0
 (2.12) 
For the boundaries in Figure 1(b), bounce back boundary conditions were set on side walls, 
hence the dashed (unknown) vectors become equal to solid ones (computed by streaming 
process). The upper and lower boundaries are periodic. Thus, a single-component, single-phase 
D2Q9 model was constructed. To investigate the mass transfer in simulated porous media, a 
significant parameter called “effective tortuosity”, 𝜏𝑒𝑓𝑓, which is defined as the actual path 
travelled by a particle, divided by the shortest distance between the same points, should be 
computed. To do this, the velocity profile in the channel is used as follows [15]:  
𝜏𝑒𝑓𝑓 =
∫ 𝑢𝑑𝐴
𝐴
∫ 𝑢𝑦𝑑𝐴𝐴
 (2.13) 
To investigate the multiphase flow, a single-component multi-phase LBM must be constructed 
[5, 27]. No long-range attractive forces are considered between the molecules in a single-
component single-phase model. In a single-component multi-phase model, intermolecular 
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interactions are considered and the attractive forces between the molecules cause a phase 
separation between liquid and vapor. Interaction between the solid surface and the fluid is not 
considered here and is left as a further study. In this paper, the main focus is on the effects of 
liquid volume on mass transfer in inhomogeneous porous media. The van der Waals equation of 
state (EOS), which is a non-ideal EOS, is used to account the intermolecular attractive forces in 
the model: 
𝑃 =
𝑛𝑚𝑅𝑇
𝑉 − 𝑛𝑚𝑏
− 𝑎 (
𝑛
𝑉
)
2
 (2.14) 
where, 𝑇, 𝑉, 𝑛𝑚, and 𝑃 are temperature, volume, number of moles, and pressure of the fluid, 
respectively, and 𝑅 is gas constant. In Equation (2.14), the second term on RHS accounts for 
intermolecular attractive forces and 𝑛𝑚𝑏 represents the non-negligible volume of molecules. The 
following equation, that was obtained by He and Doolen [28], is used as a simpler form of the 
van der Waals EOS and it is applied to compute the pressure distribution along the channel: 
𝑃 =
𝜌
3
+
𝐺
6
𝛹2 (2.15) 
where 𝛹 and 𝐺 are interaction potential and interaction strength, respectively. The interaction 
potential is consistent in isothermal processes with the following formula [27]: 
𝛹 = 𝛹0exp (
−𝜌0
𝜌
) (2.16) 
where, 𝛹0 and 𝜌0 are arbitrary constants. Finally, the attractive force can be computed for a D2Q9 
LBM by Equation (2.17). 
𝐹 = −𝐺𝛹(𝑥, 𝑡) ∑ 𝑤𝑘𝛹(𝑥 + 𝑐𝑘𝑑𝑡, 𝑡)
8
𝑘=1
𝑐𝑘 (2.17) 
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It must be noted that the non-negligible volume term of the van der Waals EOS is neglected in 
this approach. It is assumed that a two-phase fluid with a nonzero thermodynamic quality 
percolated an inhomogeneous channel, and then a phase separation occurred due to 
intermolecular attractive forces as time passes. Hence, there is no phase change in the channels. 
The initial density is the controlling parameter of the two-phase system. A typical simulation is 
demonstrated in the results section.  
 The developed single-component multi-phase LBM was not applied to the entire domain 
with the node number of 100x100 (Table 1). Instead, a set of representative area elements 
(SRAE) were used as domain. A representative area element (RAE) is defined as a smaller area 
that represents the entire domain. The represented parameters by RAE in this study are effective 
porosity and tortuosity since the mass transfer is investigated. However, only the effective 
porosity of the entire domain is known. Hence, a single RAE may not represent the entire 
domain, because there is no information about the tortuosity. To increase the accuracy of the 
representation, a certain number of RAEs were optimally extracted from the entire domain. The 
term ”optimally extracted” means that the effective porosities of all possible RAEs were 
computed, then the relative errors between those and the effective porosity of the entire domain 
were determined, all RAEs were ranked, and the ones with the least errors were selected. To 
determine the node number of a single RAE and the number of RAEs in an SRAE, confidence 
level studies were repeated, as presented in Table 2. In this case, the total number of histories is 
the multiplication of trial number, node number of an RAE, and number of RAEs in an SRAE. 
The details of the SRAE selection procedure can be found in [43, 44, 47]. The ensemble average 
of any property of an SRAE can be calculated as follows: 
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?̂? =
1
𝑁𝑅𝐴𝐸
∑ 𝑋𝑚
𝑁𝑅𝐴𝐸
𝑚=1
 (2.18) 
In Equation (2.18), 𝑋𝑚 is any property of the m
th element, 𝑁𝑅𝐴𝐸 is the total element number, and 
?̂? is the ensemble average. Hence, a single-component multi-phase model was completed. 
 To investigate the diffusion behavior, a dimensionless parameter called diffusion ratio, 
which is the ratio of the effective (Deff) and bulk (Dbulk) diffusion coefficients, must be computed. 
Three diffusion models were discussed in this study. Bruggeman’s model [45] approximates the 
effective diffusion coefficient as a function of porosity as follows: 
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘𝛷
𝑚 (2.19) 
In this equation, the power of the porosity is caused by the tortuosity which is the denominator. 
Tortuosity is estimated by the following equation, and m becomes 1.5 [46]:  
𝜏 = 𝛷−0.5 (2.20) 
Carman’s model [11] includes tortuosity in addition to porosity to calculate the effective 
diffusion coefficient:  
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘
𝛷
𝜏
 (2.21) 
 The last model discussed in this study was developed by Cekmer et al.[47], and it will be 
tested in this study. In this new model, the tortuosity term was modeled as: 
𝜏 = 𝛷−0.6556 (2.22) 
Thus, the developed effective diffusion equation becomes: 
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘𝛷𝑒𝑓𝑓
1.6556 (2.23) 
 The resulting diffusion ratios will be computed by all these models, and discussed in the 
results section.  
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OpenMP Implementation 
An in-house program was developed to utilize the path-percolation and Lattice-
Boltzmann models to investigate the multi-phase mass transfer in randomly generated porous 
media. A simple flowchart of the serial code for a single trial is shown in Figure 2.2.  
The program reads the input parameters and starts the path-percolation model. After 
applying the cluster labeling process, it prints the porosity and the effective porosity of the 
randomly generated inhomogeneous domain, then starts the SRAE selection process. It optimally 
extracts 16 RAEs for an SRAE and starts LBM to solve momentum balance equation for each 
RAE. Single-phase results are printed and the multi-phase loop starts by increasing the 
controlling parameter, which is the initial density. An automated scanning system is developed 
and applied to the code to obtain the exact liquid formations of 10% and 20% in the system and a 
critical liquid formation value where the effective porosity becomes zero and beyond that no 
fluid flow occurs. Multi-phase LBM followed by cluster labelling process is applied for all initial 
density values until the effective porosity of the RAE reaches zero (the critical liquid formation). 
When the liquid formation becomes 10% or 20%, the program sets up the new effective domain 
by treating the liquid volume that plugged the channels as solids, and then starts cluster labelling 
and single-phase LBM to obtain the effective porosity and tortuosity, respectively. Then, the 
computations for the new RAE starts until the set number is reached. Finally, the effective 
porosity and the tortuosity of an SRAE is calculated by Equation (2.18). Furthermore, the 
diffusion ratio of the SRAE is calculated by three models discussed in the previous section by 
Equations (2.19), (2.21), and (2.23). 
As shown in Table 2.2, there are 4912 simulations to perform (total trials multiplied by 
the number of RAEs in a set). In a serial code, only one CPU with a single thread is used. 
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Parallelizing a code in CPU provides the execution of multiple sets of instructions (or threads) 
[49]. To use multi-threads in this study, OpenMP was implemented in the serial code. OpenMP 
is the abbreviation of Open Multi-Processing and it is a shared-memory application 
programming interface [50]. The parallel implementation is demonstrated in Figure 2.3.  
After the SRAE set extraction and before the LBM application on the RAEs, an OpenMP 
FOR directive was implemented to allow multi-threads to work simultaneously. In Figure 2.3, in 
the upper red box, the term “chunk” stands for the number of tasks assigned per thread. Hence, 
each thread is assigned for one RAE (chunk=1). The command “dynamic” makes a thread be 
dynamically assigned to another RAE after completing one. If “static” assignment was selected, 
then the total number of the RAEs would be divided by the thread number and all the threads 
would be assigned to equal number of RAEs. A dynamic for loop was applied in this 
implementation. The fork-joint model of OpenMP with four threads is also demonstrated in the 
figure. The program starts with a single thread, called master thread. When a parallel region 
starts, the master thread generates a specified number of threads. All the threads except the 
master thread are terminated at the end of the parallel region.    
Speedup (S), which is defined as the ratio of the runtime with a single processor (T1) to 
the runtime of the parallel configuration with n threads (Tn), is used in performance analysis of 
parallel implementation [49]:  
𝑆 =
𝑇1
𝑇𝑛
 (2.24) 
 
 Another parameter to demonstrate the performance of the parallel code is the parallel 
efficiency which is determined by dividing the speedup by the number of threads [50]: 
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𝜀𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 =
𝑇1
𝑛 ∙ 𝑇𝑛
 (2.25) 
 
  To comment on the performance of the parallelized code, it will be useful to compare it 
with the peak performance of the used hardware. A personal computer with 4 processors with 
2.40 GHz speed, each manages 4 instructions per cycle, in other words 4 floating-point operation 
(Flop) per cycle was used in this project. Hence, the peak performance becomes: 
𝑃𝑝𝑒𝑎𝑘 =
2.40 GHz
1 core
×
4 Flop
cycle
× 4 cores = 38.4
GFlop
sec
 
 
(2.26) 
To calculate the performance of the code, total floating-point operations, which is a function of 
RAE effective porosity and number of multi-phase iterations per RAE, must be determined and 
divided by the runtime. The resulting number of the total floating-point operations in the code is 
calculated below: 
𝑁 = 5.55 × 109 ∑Φ𝑒𝑓𝑓(𝑖)[ITER(i) + 3.4145]
16
𝑖=1
+ 8.0128 × 104 + 3∑ITER(i)
16
𝑖=1
 
 
(2.27) 
In Equation (2.27), ITER (i) is the iteration number for RAE number i where i=1,2,,…,16. In this 
equation, the second and the third terms do not contribute to the result, hence they are considered 
negligible. The resulting performance equation is shown in Equation (2.28).  
 
𝑃 = 5.55 × 103 ∑Φ𝑒𝑓𝑓(𝑖)[ITER(i) + 3.4145]
16
𝑖=1
/Execution Time 
 
(2.28) 
A performance application programming interface (PAPI) timer [51] was used to measure the 
execution time. Three simulations per each porosity level were performed with different thread 
numbers and the results of the parallel program performance were analyzed in the following 
section. 
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Results and Discussion 
The first step of this study is the confidence-level analysis, which is the beginning part of 
the statistical based path-percolation theory. As seen in Table 2.1, porous media with 70%, 80%, 
and 90% porosity and 100x100 nodes were generated, and the calculated trial numbers with 99% 
confidence level are 140, 107, and 60, respectively. Then, the cluster labelling process was 
performed for each trial to obtain the effective domains. Before, discussing the confidence level 
results, a typical trial with an 80% of target porosity is explained here. 
In this example simulation, a random inhomogeneous porous medium was generated as 
seen in Figure 2.4(a) with a porosity of 0.809. Then, cluster labelling process was performed to 
group the interconnected pores, and eliminate the orphan pore clusters. In Figure 2.4(b), the 
orphan clusters can be seen with different colors. The effective domain was obtained after 
treating the orphan clusters as solid nodes as seen in Figure 2.4(c). The effective domain is now 
considered as a porous flow channel with an inlet at the bottom and an outlet at the top 
boundaries. The effective porosity was computed as 0.796. The next step is the SRAE extraction. 
The program optimally extracted 16 RAEs from the effective domain. Three samples are shown 
in Figure 2.4 (d)-(f).  
The effective porosities of all of the RAEs can be seen in Figure 2.5(a). Then, a single-
component single-phase LBM was applied to obtain the velocity distribution in these 16 domains 
and the effective tortuosities were computed as seen in Figure 2.5(b).  
The same results were also demonstrated in Table 2.3 with an addition of effective 
porosity and tortuosity calculated for SRAE by Equation (2.31), and the diffusion ratios by three 
different models.  
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It can be concluded that the Carman model and the new model overlap within this 
effective porosity range (about 80%). The results for REV #2 were analyzed in detail in the 
remaining part of this example. The effective domain of this representative area can be seen in 
Figure 2.4(d). The path of the fluid particles was obtained after the application of single-phase 
LBM as shown in Figure 2.6. 
The tortuosity was computed as 1.153 whereas the effective porosity was 0.8. The effects 
of liquid formation on effective porosity and tortuosity will be discussed in the next step. A 
multi-phase LBM was applied to the 16 RAEs of the domain of the example. At this time, a 
portion of the percolated fluid was assumed to be in two-phase and the liquid particles started to 
merge due to intermolecular attractive forces. The time evolution of this intermolecular attraction 
of a 10% condensed fluid in RAE #2 is shown in Figure 2.7.  
It must be noted that all the units of the lattice parameters are called the lattice units and 
the relation to the SI units can be found in [4-6]. After 5 lattice seconds (ls) liquid and vapor 
phases started to separate from each other and the liquid particles clustered together as time 
passes. After 20,000 ls the system reached steady-state. To analyze the vapor flow in the 
channel, single-phase LBM must be applied. Before that, the system was set up by considering 
the liquid clusters as solid, since they plugged some of the void nodes. Then, the cluster labelling 
process was performed to obtain the new effective domain with 10% condensate as seen in 
Figure 8. Liquid formation is shown in gray in Figure 8(b) and they were considered solid as 
were orphan pore clusters. The effective domain with an effective porosity of 0.714 can be seen 
with the velocity field of the molecules in vapor phase in Figure 2.8(c). The effective tortuosity 
is observed to be increased to 1.310 when the condensate became 10%.  
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Figure 2.5(c) and (d) shows the effective porosities and tortuosities of all RAEs with a 
condensate of 10%, respectively. The effective porosity values decreased about 10% and a slight 
increase in tortuosity levels are observed. Similarly, 20% liquid formation effects is shown in 
Figure 2.9 and the effective porosity and tortuosity are 0.584 and 1.552, respectively.  
In Figure 2.5(e) and (f), all the RAE parameters are demonstrated by a bar plot and the 
SRAE properties with diffusion ratio results are shown in Figure 10(a) and (b), respectively. 
The statistical results guided by confidence level studies can be discussed at this point. 
The previous example was a single trial with 80% porosity. As seen in Table 2.1, 140, 107, and 
60 trials must be completed for 70%, 80%, and 90% porosity, respectively, each with one SRAE 
constituted by 16 RAEs. The results for the porosities and the effective porosities of the initially 
generated random porous media are shown in Figure 2.11. In this figure, probability distributions 
for both porosities and effective porosities for the media with all three target porosities with a 
confidence level of 99% were plotted. The results for all trials were divided into subgroups and 
these subgroups were plotted versus their occurrence frequency. It is observed that all six curves 
have Gaussian shapes. For 90% target porosity, the effective porosity and porosity probability 
curves almost coincide. When the target porosity decreases, the effective porosity - probability 
distribution curve becomes wider in range, and shifts to the left. 
Figure 2.12 shows the effects of liquid formation on effective porosity and tortuosity. In 
Figure 2.12(a), the results for 90% target porosity is shown. Effective porosity was decreased by 
increased liquid formation in the channel and the effective porosity probability distribution range 
was increased. Furthermore, the occurrence frequency was also decreased. Similar results were 
observed for the other target porosity cases, Figure 2.12(b) for 80%, and (c) for 70% target 
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porosity, respectively, only the distribution ranges got wider, and the occurrence frequency was 
decreased with target porosity. The effective tortuosity results do not show a certain trend as the 
effects of liquid formation on effective porosity as seen in the figures on the right, especially for 
the target porosity of 70% (Figure 2.12(c)). To start with, as the target porosity decreases the 
tortuosity in dry media and the probability distribution range of tortuosity increase. For a target 
porosity of 80% and 90%, the liquid formation increases the tortuosity (Figure 2.12(a) and (b)) 
as in the example for 80% target porosity discussed above (Figures 2.4 to 2.10). For 70% target 
porosity, the results do not follow this trend for 20% condensate as seen in Figure 2.24(c). For 
10% liquid formation, tortuosity probability distribution curve slightly shifts to the right and the 
width of the curve slightly increases. For 20% liquid formation, the curve shifts to the left and 
gets wider in range. To understand this behavior, many trials were examined, one of which is 
discussed here. The trial had a target porosity of 70% and the resulting porosity and effective 
porosity values are 0.701 and 0.687, respectively. Multi-phase effects in RAE #1 was studied and 
shown in Figures 2.13 and 2.14.  
In Figure 2.13 (a) and (b), 10% liquid formation is observed and the cluster labelling was 
applied to the figures on the right. The domains in Figure 2.14 are the effective domain obtained 
after cluster labelling process. In Figure 2.14(a), the velocity field in a dry domain is shown. The 
computed effective porosity and tortuosity are 0.686 and 1.403, respectively. With 10% liquid 
formation, a portion of the channel at bottom left was closed by liquid clusters and a little portion 
of that was constituted by orphan clusters, hence eliminated and considered as solid by cluster 
labelling process. Then, tortuosity increased to 1.448 whereas the effective porosity decreased to 
0.576. The related velocity field can be seen in Figure 2.14(b). With 20% condensate, the liquid 
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clusters from the previous case with 10% condensate widened and a new liquid cluster occurred 
as seen in Figure 2.13(b). The velocity field in the effective domain for this case can be seen in 
Figure 2.14(c). After comparing the paths of the molecules between dry and 20% liquid cases, it 
is observed that two main paths (one on the left and one at the center) were eliminated as seen in 
Figure 2.14(c). Hence, the most of the molecules travel from the right part of the channel with a 
tortuosity of 1.286. The effective porosity in this case is 0.522. It can be concluded that the 
eliminated paths by liquid formation made the tortuosity decrease. Although a reduced tortuosity 
improves the mass transfer [11], the effective diffusion coefficient can still decrease, because of 
the changes in the effective porosity, which have a great impact on mass transfer. Figure 2.15 
shows the effects of liquid formation on diffusion ratio in porous media with a target porosity of 
70% for three diffusion models. As observed in the figure, diffusion ratios calculated by all three 
model equations decreased with increasing liquid formation in porous channels and the 
probability distribution curves of diffusion ratio got wider in range. Furthermore, it can be seen 
that the diffusion ratio calculated by the Carman model differed significantly from the other 
models in media with 20% liquid formation. The reason is clearly the tortuosity effect. From 
Figure 2.15, it can be concluded that the effects of tortuosity become more important in mass 
transfer when the liquid formation increases and the effective porosity decreases.        
The critical liquid formation is another consideration of mass transfer. When the liquid 
formation reaches a critical value where the effective porosity becomes zero, no more mass 
transfer occurs in a channel. Figure 2.16 shows the critical liquid formation probability 
distributions for all target porosities. For 90% target porosity, critical liquid formation had values 
between 0.5 and 0.8, and the range was approximately 0.3, as seen in the Figure 2.16. The 
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maximum occurrence frequency is 22% and the related critical liquid formation is around 70%. 
Critical liquid formation probability range increases significantly by decreased target porosity. 
The maximum occurrence frequency for 80% porosity is about 20% and the most encountered 
critical liquid formation values are around 45%. The critical liquid formation has values between 
0.32 and 0.69, hence the range is 0.37, which is 7% greater than that for 90% target porosity. For 
70% target porosity, the critical liquid formation has values between 0.16 and 0.57, hence the 
probability distribution range is 0.41, which is 4% and 11% larger than the cases with 80% and 
90% target porosity. On the other hand, the maximum occurrence frequency reduced to 16% for 
around 32% critical liquid formation.  
OpenMP was implemented to the code and the plots for speedup, parallel efficiency, and 
performance of the simulations for three domains with 70%, 80%, and 90% target porosity can 
be seen in Figure 2.17. The maximum performance was obtained with 4 threads for the channel 
with 90% porosity as 1.275 GFlops, which is 2.6% of the peak performance. The related speedup 
and efficiency were computed 3.355 and 83.88%, respectively. The performance and speedup 
decreased with reduced target porosity. The reason of this result is that the total iteration number 
also decreases with the target porosity, since the program finds the critical liquid formation 
faster. It is concluded that the change in iteration number gets greater than the change in 
execution time (Equation 2.40), when target porosity increases. On the other hand, when more 
than 4 threads were used, no further speedup was achieved and the efficiency continued to 
decrease. Therefore, the most efficient way for this particular program with used hardware is 
assigning one thread to each physical core. The best option with the specified confidence level 
study is using 16 physical cores and assigning 16 threads. 
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This model is a two-dimensional approximation to a multi-phase problem in a porous 
medium and there are several sources of potential error. The surface-liquid interaction effects 
were neglected. Furthermore, the neglected third dimension would cause a significant loss of 
accuracy. Moreover, an experimental validation is needed for this computational study. On the 
other hand, an improvement on parallel application can be performed by utilizing an alternative 
hybrid parallel model to increase the speedup, efficiency, and performance. These missing 
physics are the subject of the ongoing study. 
Conclusion 
In this chapter, the path-percolation theory and Lattice-Boltzmann method were utilized 
to develop a model to investigate the effects of liquid formation on mass transfer in porous 
media. A statistical study with 99% confidence level was performed to analyze the behavior of 
effective porosity and tortuosity under different solid-liquid-vapor configurations of the media 
with 70%, 80%, and 90% porosity. The results show that the effective porosity decreases when 
the liquid formation in a channel increases. The impact of liquid formation on effective tortuosity 
changes with porosity. For porous media with 80% and 90% target porosity, effective tortuosity 
increases with liquid formation. For 70%-porosity media, it increases slightly when the liquid 
formation becomes 10%. When there is 20% liquid in the channel, the tortuosity decreases 
because of plugged long paths of the vapor molecules by liquid clusters. Effective diffusion 
coefficients of randomly generated inhomogeneous porous channels with liquid formations of 
0%, 10%, and 20% were also studied, and it is concluded that the diffusion ratio decreases with 
liquid formation. Furthermore, critical liquid formation was investigated for all three media and 
its value increased with increased target porosity as expected. On the other hand, when the target 
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porosity decreases, it becomes hard to predict the critical liquid formation since the range of the 
possible results gets wider. Finally, OpenMP was implemented to the model code and a 
performance analysis was applied using multi threads. The observed maximum speedup was 
3.355 with a performance of 1.275 GFlops using four threads.  
The results of this study can be used for any porous media application related to two-phase mass 
transfer and it is expected to provide an alternative statistical source to estimate the effective 
porosity, tortuosity, and diffusion ratio in porous media with a range of porosity and liquid 
formation. 
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Appendix
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Table 2.1. History calculations for multi-phase Lattice-Boltzmann model. 
Confidence 
Level 
𝐞𝐫𝐟(𝜺√
𝒏
𝒑𝒒
) 𝜺√
𝒏
𝒑𝒒
 Nodes 𝝓 𝒏 Trials 
99% 0.495 2.5767 100x100 
0.70 1,394,270 140 
0.80 1,062,301 107 
0.90    597,544 60 
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Table 2.2. History calculations for RAEs in multi-phase Lattice-Boltzmann model. 
Confidence 
Level 
𝐞𝐫𝐟(𝜺√
𝒏
𝒑𝒒
) 𝜺√
𝒏
𝒑𝒒
 𝝓 𝒏 Trials 
RAE 
Nodes 
SRAE 
Set 
Number 
99% 0.495 2.5767 
0.70 1,394,270 140 
25x25 16 0.80 1,062,301 107 
0.90    597,544 60 
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Table 2.3.  Effective porosity, tortuosity, and diffusion ratio calculation example for SRAE with 
0% condensation. 
RAE 
# φeff τeff φeff,SRAE τeff,SRAE QBruggeman QCarman QNewModel 
1 0.795200 1.150737 
0.795200 1.164617 0.709112 0.682800 0.684272 
2 0.800000 1.153163 
3 0.801600 1.154434 
4 0.798400 1.157320 
5 0.793600 1.155720 
6 0.798400 1.162446 
7 0.796800 1.173685 
8 0.792000 1.161168 
9 0.795200 1.130812 
10 0.798400 1.161545 
11 0.792000 1.169265 
12 0.788800 1.170493 
13 0.788800 1.175958 
14 0.790400 1.177900 
15 0.792000 1.196414 
16 0.801600 1.182811 
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                 (a)                   (b) 
 
Figure 2.1. A D2Q9 lattice (a) a lattice and its velocity components (b) red arrows are the lattice 
velocities at boundaries; the dashed ones are unknown.  
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Figure 2.2. Flowchart of the serial code for a single trial.
 71 
 
 
Figure 2.3. OpenMP implementation to the serial code. Flowchart of the parallel code for a 
single trial and demonstration of the fork-join model with 4 threads.owchart of the serial code for 
a single trial. 
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   (a)      (b) 
  
   (c)      (d) 
  
   (e)      (f)    
          
Figure 2.4. Path-percolation model for initial porous medium generation (a) domain before 
cluster labelling (b) cluster labelling (c) effective domain (d) - (f) three random RAEs. 
.  
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
Porous Medium Before Cluster Labeling
20 40 60 80 100
20
40
60
80
100
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
Labeled Pore Clusters
20 40 60 80 100
20
40
60
80
100
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
Porous Medium After Cluster Labeling
20 40 60 80 100
20
40
60
80
100
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
REV #2
5 10 15 20 25
5
10
15
20
25
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
REV #9
5 10 15 20 25
5
10
15
20
25
Horizontal Nodes
V
e
rt
ic
a
l 
N
o
d
e
s
REV #16
5 10 15 20 25
5
10
15
20
25
 73 
 
  
            (a)                                                  (b) 
  
       (c)                                                  (d) 
  
       (e)                                                  (f) 
Figure 2.5. Effective porosity & tortuosity calculations for RAEs of an example trial with 80% 
porosity and 0% condensation (a) Φeff with 0% condensation (b) τeff with 0% condensation (a) 
Φeff with 10% condensation (b) τeff with 10% condensation (a) Φeff with 20% condensation (b) 
τeff with 20% condensation.
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Figure 2.6. Velocity vectors along RAE #2. Tortuosity is 1.153163. 
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Figure 2.7. Evolution of phase separation of a 10% condensed two-phase fluid in REV #2. 
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                           (a)          (b) 
 
            (c) 
 
Figure 2.8. Vapor phase mass transfer with a 10% condensation (a) liquid formation (b) the 
voids occupied by liquid are shown in gray (c) Mass transfer in vapor phase, the effective 
tortuosity is 1.310. 
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                           (a)          (b) 
 
            (c) 
Figure 2.9. Vapor phase mass transfer with a 20% condensation (a) liquid formation (b) liquid 
formations are shown in gray (c) Velocity field of the vapor phase, the effective tortuosity is 
1.552. 
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(a)          (b)     
Figure 2.10. Effects of condensation on mass transfer for a single example trial (a) effective 
porosity and tortuosity vs. condensation (b) diffusion ratio vs. condensation.
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Figure 2.11. Confidence level results for initially generated 100x100 porous media with 70%, 
80%, and 90% porosity.
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                   (a)          
 
                   (b)          
 
                   (c)  
Figure 2.12. Confidence level results for SRAEs with (a) 90%, (b) 80%, and (c) 70% porosity. 
Figures on the left and right are probability distributions of effective porosity and tortuosity, 
respectively. 
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                      (a)          
 
                      (b)   
Figure 2.13. Liquid formation in an example RAE for 70% target porosity (a) 10%, (b) 20%. 
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(a) 
 
(b) 
 
(c) 
Figure 2.14. Velocity fields in effective domains with (a) 0%, (b) 10%, (b) 20% condensation. 
Computed tortuosities are 1.403323, 1.447953, and 1.28602, respectively. 
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       (a) 
 
       (b) 
 
       (c) 
 
Figure 2.15. Diffusion ratio probability distributions with a medium with (a) 0%, (b) 10%, (c) 
20% liquid formation.
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Figure 2.16. Critical liquid formation probability distributions with a medium with 70%, 80%, 
and 90% target porosity. 
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Figure 2.17. Performance analysis for parallel application. 
1 2 3 4
1
1.5
2
2.5
3
3.5
Number of Threads
S
p
e
e
d
u
p
 
 
Target
=70%

Target
=80%

Target
=90%
1 2 3 4
0.7
0.8
0.9
1
Number of Threads
E
ff
ic
ie
n
c
y
1 2 3 4
0
500
1000
1500
Number of Threads
P
e
rf
o
rm
a
n
c
e
 (
M
F
lo
p
s
)
 86 
 
CHAPTER III  
 SINGLE- AND MULTI-PHASE FLOW ANALYSIS IN 
INHOMOGENEOUS RANDOM POROUS CHANNELS: I. SINGLE-
PHASE, LOW-TORTUOSITY FLOW WITH DOUBLE PATH-
PERCOLATION THEORY  
 87 
 
Abstract 
In this chapter, a statistical model, called the double-path-percolation theory, was 
introduced to investigate the diffusion behavior of gases in low-tortuosity systems. In addition to 
the inhomogeneous random low-tortuosity porous media simulations, as its name implies, this 
new model also simulates paths in both solid and void regions between the inlet and outlet of the 
channel, hence transport analysis can be performed in both regions. Confidence level studies 
with 95%, 97%, and 99% were performed to obtain statistical effective porosity results. A single-
component single-phase Lattice-Boltzmann model with two-dimensions and nine velocity 
components was developed to obtain the velocity distributions in the simulated porous media, 
and tortuosity was determined to be between 1.0005 and 1.0663 for the channels with a wide 
range of effective porosities. A new effective diffusion model was developed as a function of the 
effective porosity. The results were compared with that of high-tortuosity systems. Except the 
high effective-porosity-media, a diffusion ratio difference of 0.2 was observed between these two 
sorts of porous channels. In addition, a software was developed for the double-path-percolation 
and Lattice-Boltzmann models, and the performance was improved by three different parallel 
implementations; Posix Threads, OpenSHMEM, and MPI. The best performance was achieved 
by the Posix Threads code with four cores, and a speedup of 3.962 was achieved. This new 
model is unique through its statistical approach, and solid-cluster labelling process.    
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Introduction 
The double-path-percolation theory was developed to simulate random, inhomogeneous 
porous channels with both void and solid paths between the inlet and the outlet. The original idea 
of the path-percolation theory was introduced by Jung et al. [2] to statistically investigate the 
electrical property variations in randomly generated porous media. Path-percolation theory 
differs from percolation theory by its statistical approach, and it also introduces a process called 
cluster labelling process. Cekmer et al. [47] adapted the path-percolation theory to examine the 
diffusion behavior of gasses in inhomogeneous porous channels. Their model was developed to 
provide void channels for gas flow. In the current study, the diffusion behavior of gases in 
randomly generated porous channels with a tortuosity of nearly unity was investigated. A two-
dimensional lattice-Boltzmann model was developed to obtain the velocity distribution 
throughout the randomly generated channels and the tortuosity was determined. A new diffusion 
model was developed, and compared with the one developed by Cekmer et al. [47]. Furthermore, 
three different high-performance parallel codes were developed using Posix threads, 
OpenSHMEM, and MPI to enhance computational performance. All three systems were 
implemented in two particular sections of the code, and the speedup and performance were 
measured.  
The main motivation of this work is to investigate the differences in diffusion behavior of 
gases between low- and high- tortuosity systems with the same effective porosity. The 
techniques and the statistical results of the current study can be used in any porous media 
application involved with mass and momentum transfer with low-tortuosity-flows. The internal 
structure of a porous channel has a significant effect on diffusion, hence the developed effective 
 89 
 
diffusion model will be a better approximation for the macroscopic porous media simulations 
involving low-tortuosity systems. The increased performance of the developed software with 
three different parallel implementation proves that this computational model has a potential to 
utilize better confidence levels for the statistical results, and enables a path for extension into 
three dimensional simulations. Since, the double-path-percolation theory can be utilized to 
simulate a porous medium with both solid and void paths, the results of this work can be applied 
in any porous medium application area with both solid and void parts of the channels involved 
with transport phenomena.  
In the current work, the introduced double-path percolation theory is unique because of 
its statistical approach based on the law of large numbers. The path-percolation theory brings a 
new aspect to the well-known percolation theory by the cluster labelling process, which 
significantly reduces the runtime of the developed program. The double-path percolation model 
differs from the path-percolation theory by a new process called the solid-cluster-labelling. Void 
paths for the gas molecules are obtained by void-cluster labeling process of path-percolation 
theory. This double-path-percolation model therefore simulates solid paths for energy and 
electron transport in solid parts of an inhomogeneous porous medium as well.        
     Methodology 
The current work initiates with a random porous media generation technique, which is 
called the double-path-percolation theory. The confidence-level study was introduced first to 
construct a statistical base for the simulations. Then, the necessary aspect ratio of the dimensions 
of the channels to provide both void and solid paths were determined. Three different target 
porosities were applied, and the effective porosity ranges were analyzed to complete the 
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determination of the necessary properties of the initially generated random porous media. 
Furthermore, representative elementary area selection was performed to provide small 
representative areas to solve the momentum balance equation. The outcome of the study was 
used to develop a new effective diffusion model. On the other hand, the developed in-house 
program was improved by three parallel programming systems, and the performance analysis 
was performed.          
Double-path-percolation theory 
The double-path-percolation theory is a statistical model used to simulate inhomogeneous 
random porous channels. Aspect ratio is defined as the ratio of the horizontal and vertical nodes, 
and has an important effect on double-path-percolation model. A sample simulation with an 
aspect ratio of 10 is explained here before the application of the statistical confidence-level 
study. The horizontal node number was arbitrarily set to 300, then the vertical node number 
became 30. The target porosity, which is the desired porosity of the simulated medium, was set 
to 60%. After determining the node numbers and the target porosity, a random inhomogeneous 
porous medium was generated. To accomplish this, an in-house program was developed to 
randomly assign numbers between 0 and 100 to each node. Depending on the target porosity, the 
program determines the phase of the each node. If the assigned number is lower than the target 
porosity, the phase of the node becomes void, otherwise solid. A simple demonstration of the 
procedure is shown in Figure 3.1. In this figure, randomly generated numbers are on the left, and 
the assigned phases are on the right. Numbers on three nodes are greater than target porosity, 
hence they were assigned as solid, and the others as void. Solid and void nodes are represented 
by black and white, respectively.   
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An initially generated random porous medium is presented in Figure 3.2(a). The resulting 
porosity is 0.5944. To provide a domain for a fluid flow simulation, the porous medium 
generated was transformed into a channel by assigning a flow inlet and outlet to bottom and top 
boundaries, respectively. Then, the pore-cluster labeling process was applied to group the 
interconnected pores into clusters as seen in Figure 3.2(b). The orphan pores, which were not 
connected to both inlet and outlet, were eliminated and a new domain was obtained as presented 
in Figure 3.2(c). The porosity of the domain was reduced to 0.2687.   
To this point, the procedure is the same as that of the single-path-percolation theory [47], 
in which void paths were provided for fluid flow in the channel. Furthermore, solid paths are 
needed, although no transport phenomena in solid was considered in this work. However, the 
double-path-percolation theory can be used in systems which involve transport phenomena in 
solid regions. As an example, there are porous layers of a polymer electrolyte fuel cell, through 
which electron and heat transport occur. Electrons are produced in the porous catalyst layer of 
the system, and they conduct through the carbon based fibers of the porous gas diffusion layer, 
from the anode to the cathode side of the fuel cell. Heat conduction is another consideration in 
these electrochemical systems [52]. However, the main target here is obtaining low-tortuosity 
flow channels by eliminating the solid obstacles in the channel. To accomplish this, solid cluster 
labeling process is utilized to group the interconnected solid nodes together, as seen in Figure 
3.2(d). The orphan solid clusters were eliminated after the solid-cluster labeling process, and the 
effective domain is presented in Figure 3.2(e). The final domain obtained after pore- and solid- 
cluster labeling processes is called the effective domain, and the porosity of the domain is called 
the effective porosity, which is 0.4662 for this simulation. The final form of the domain was then 
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stretched in vertical direction by aspect ratio to fit a square, as seen in Figure 3.2(f). The 
stretching is performed to obtain square domains for lattice-Boltzmann analysis.   
A confidence-level study is needed to obtain statistical results of porosity and effective 
porosity. To do this, the law of large numbers [2, 42, 47] was utilized. A confidence-level is 
defined as the reliability of any estimate, and formulated as:   
𝐶𝐿 = 𝑃𝑟 {|
𝑘
𝑛
− 𝑝| ≤ 𝜀} (3.1) 
 
In Eq. (3.1), 𝐶𝐿 stands for the confidence level. 𝑃𝑟 is the probability of the event in the 
brackets. The target porosity is represented by 𝑝, whereas 𝑛 and 𝑘 are the total history number 
and the number of generating a single pore, respectively. Total history number is mathematically 
defined as the multiplication of the total node number in the domain and the trial number. Hence, 
it depends on the size of the domain and the number of needed repetitive simulations for a 
specified target porosity. The division in the parenthesis gives the simulated porosity. Error, 𝜀, is 
defined as the critical error between the simulated and target porosity, and set to 1x10-3 in this 
work. Eq. (3.1) means that the confidence level is equal to the probability of the difference 
between the simulated and target porosities to be less than or equal to the specified error. Eq. 
(3.2) is obtained after applying the law of large numbers, and was used with an error function 
table to determine the necessary history number [42, 47].   
𝐶𝐿
2
= erf (𝜀√
𝑛
𝑝𝑞
) (3.2) 
In Eq. (3.2), 𝑞 is equal to 1 − 𝑝. The effects of aspect ratios of 5, 10, and 15 on statistical 
results were analyzed here with confidence levels of 95%, 97%, and 99%. Furthermore, the 
results with target porosities of 55%, 60%, and 65% were also investigated. A simple application 
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of confidence-level study is described here. The total history number is needed within a 
confidence level of 99% for a 60% porous medium and an aspect ratio of 10. Then, the left hand 
side of Eq. (3.2) becomes 0.99/2=0.495. An error function table is used to obtain the inside 
parameter of the error function (Table 3.1).  
erf (𝜀√
𝑛
𝑝𝑞
) = 0.495     ∴      𝜀√
𝑛
𝑝𝑞
= 2.5767 
Since, the target porosity is 0.60, then 𝑝 = 0.60 and 𝑞 = 0.40. Error was determined 1x10-3. The 
total history number becomes 1,593,452. The horizontal node number was decided to be 300, 
hence vertical node number became 30, since the aspect ratio was 10. The trial number is the 
total history number divided by the total node number. Hence, 277 simulations are needed to 
provide a 99% confidence level to simulate porous media with 60% porosity within an error 
range of 1x10-3. The results of the confidence level analysis are presented in the “Results and 
Discussion” section. 
Lattice-Boltzmann method 
The lattice-Boltzmann equation is a first order partial differential equation, hence the 
developed code for the lattice-Boltzmann model (LBM) is not as complex as the codes, in which 
Navier-Stokes equations were used. However, it is still a computationally intensive method. To 
reduce the runtime of the code, a representative area element (RAE), which represents the entire 
domain, is needed for each simulation. The RAE must represent the effective porosity and the 
tortuosity of the generated porous channel, hence a problem rises by the unknown effective 
tortuosity of the entire domain. To overcome this problem, a method called the two-point 
statistics is utilized [43, 44, 47]. Instead of using a single RAE, a statistical representative area 
element (SRAE) set with a certain number of RAEs is constructed. The first step is the RAE size 
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determination, the detailed procedure can be found in the study by Cekmer et al. [47]. The 
second step is determination of the necessary RAE number in an SRAE set. To accomplish this, 
a confidence-level study was utilized. The procedure is the same as the confidence level studies 
in path-percolation theory, except that the total history number is now the multiplication of the 
trial number, which was determined in the previous section, the total node number of a single 
RAE, and the number of RAEs in an SRAE set. The ensemble average in an SRAE for any 
property can be calculated as follows: 
?̂? =
1
𝑁
∑ 𝑋𝑚
𝑁
𝑚=1
 (3.3) 
 
In Eq. (3.3), 𝑋𝑚 is any property of the m
th representative area element in a set, N is the total 
element number, and ?̂? is the ensemble average. 𝑋 is set to be effective porosity and tortuosity in 
this work. The detailed analysis is explained in the results section.  
Ludwig Boltzmann derived the lattice-Boltzmann equation in 1872 [3], and introduced 
the probability density function, 𝑓(𝑥 , 𝑝 , 𝑡), as the probability of a molecule to be at position 𝑥  at 
time t with momentum 𝑝 . In numerical lattice-Boltzmann models, there are two mechanisms that 
describe the movement of molecules; streaming and collision. The streaming process is simply 
the movement of a molecule from one node to another. The collision step counts the molecules, 
which enters or leaves the considered node via a collision with another molecule.  
A D2Q9 square lattice with two dimensions and nine velocity components is used in this 
study. A simple demonstration of a D2Q9 lattice is presented in Figure 3.3(a). All the nodes in the 
representative porous channels are treated as D2Q9 lattices. The unit lattice velocities are as 
follows: 
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𝑐0,𝑥 = 0, 𝑐0,𝑦 = 0,  𝑐1,𝑥 = 1, 𝑐1,𝑦 = 0,  𝑐2,𝑥 = 0, 𝑐2,𝑦 = 1 
(3.4) 𝑐3,𝑥 = −1, 𝑐3,𝑦 = 0,  𝑐4,𝑥 = 0, 𝑐4,𝑦 = −1,  𝑐5,𝑥 = 1, 𝑐5,𝑦 = 1 
𝑐6,𝑥 = −1, 𝑐6,𝑦 = 1,  𝑐7,𝑥 = −1, 𝑐7,𝑦 = −1, 𝑐8,𝑥 = 1, 𝑐8,𝑦 = −1 
 
The streaming and collision mechanisms are shown in Eqs. (3.5) and (3.6), respectively. 
𝑓𝑘(𝑥 + ∆𝑥, 𝑦 + ∆𝑦, 𝑡 + ∆𝑡) = 𝑓𝑘(𝑥, 𝑦, 𝑡 + ∆𝑡) (3.5) 
𝑓𝑘(𝑥 + 𝑐∆𝑡, 𝑦 + 𝑐∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑘(𝑥, 𝑦, 𝑡) = −𝛀[𝑓𝑘(𝑥, 𝑦, 𝑡) − 𝑓𝑘
𝑒𝑞(𝑥, 𝑦, 𝑡)] (3.6) 
 
where, c, x, y, and t represent speed of sound, horizontal coordinate, vertical coordinate, and 
time, respectively. The details of the determination of collision matrix, 𝛀, and the equivalent 
distribution factor, fk
eq, can be found in [47]. Periodic boundary conditions were applied on the 
top and bottom boundaries, and the side walls are reflective. The unit lattices at the boundaries 
are shown in Figure 3(b), where the velocity vectors shown by dashed lines are unknowns, and 
the solid lines were calculated from streaming process. After solving the equation system (3.5) 
and (3.6) with the boundary conditions, the probability density function is obtained, and the 
lattice density, and horizontal and vertical components of a lattice velocity can be determined by 
Eqs. (3.7), (3.8), and (3.9), respectively.   
𝜌 = ∑ 𝑓𝑘
8
𝑘=0
 (3.7) 
  
𝑢 =
1
𝜌
∑ 𝑐𝑘,𝑥𝑓𝑘
8
𝑘=0
 (3.8) 
  
𝑣 =
1
𝜌
∑ 𝑐𝑘,𝑦𝑓𝑘
8
𝑘=0
 (3.9) 
 
Tortuosity is a measure of the actual path travelled by a particle divided by the shortest distance 
between the same points. Numerical or effective tortuosity can be calculated using Eq. (3.10).  
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𝜏𝑒𝑓𝑓 =
∫ 𝑉𝑑𝐴
𝐴
∫ 𝑣𝑑𝐴
𝐴
 (3.10) 
 
To develop an effective diffusion model using the outcome of this work, a well-known diffusion 
model was used. The Carman model estimates the diffusion ratio as a function of porosity and 
tortuosity [11], as seen in Eq. (3.11).  
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘
𝛷
𝜏
 (3.11) 
A new effective diffusion model for low-tortuosity flow was developed, and compared with the 
one developed by Cekmer et al. [47] by single-path-percolation theory for high-tortuosity flows 
as shown in Eq. (3.12).  
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘𝛷𝑒𝑓𝑓
1.6556 (3.12) 
The results are explained in the “Results and Discussion” section.  
Parallel Implementation 
An in-house program was developed to utilize the double-path-percolation and Lattice-
Boltzmann models to investigate the single-phase mass transfer in randomly generated porous 
media. Three different application programming interfaces, Posix Threads (Pthreads), 
OpenSHMEM, and MPI were implemented on the serial code, and the performances were 
compared.  
A simple flowchart of the serial code for a single-phase trial is shown in Figure 3.4. The 
program reads the input parameters, and generates a random porous medium. Then, it calls the 
void and solid cluster labelling subroutines, and prints the porosity and the effective porosity of 
the entire domain. The next step is the SRAE selection process. The program optimally extracts 
the best RAEs to construct an SRAE. To do this, the entire domain was scanned starting from the 
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upper left corner, and all possible RAEs are examined as shown in Figure 3.5(a). First, the 
porosity of the small domain is computed, and the relative error between the porosities of the 
small and large domains is determined. A critical error was assigned as 1 × 10−2. If the error is 
smaller than the critical error, then the void and solid cluster labelling subroutines are called, and 
the second criterion is examined. This criterion dictates that the relative error between the 
effective porosities of the smaller domain and the entire channel should be smaller than 1 × 10−2 
to let the RAE be a potential member of the SRAE. If both criteria are obeyed, then the RAE is 
saved. After, the entire domain is scanned, and every possible RAE is examined, the selected 
potential RAEs are ranked in terms of their relative effective porosity error, and the ones with the 
least errors are chosen to be the members of the SRAE. 
After the SRAE selection process, the code starts LBM to solve momentum balance 
equation for each RAEs of the SRAE set. Finally, effective porosity and tortuosity of the SRAE 
are computed. 
Two parts of the code were made parallel by four systems. First part is the SRAE 
extraction. This section was parallelized as seen in Figure 3.5(b). In this figure, an SRAE 
extraction process with 5 threads is demonstrated. The domain is divided into five sections, and 
these sections are allocated by five processors. Then, all threads start scanning simultaneously. 
After they store the potential RAEs, the best options are chosen. In OpenSHMEM and MPI 
codes, a MASTER thread ranks the RAEs, and sends the best options to the other threads. In 
Pthreads implementation, the selected RAEs are stored in a three dimensional matrix in shared 
memory. A single thread is charged to rank the selected RAEs. The ranked SRAE set is stored in 
the shared memory.          
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The second parallel part of the code is the LBM simulation. After a single thread selects 
the RAEs of an SRAE set, each thread starts sharing the RAEs, and applies the LBM. Then, they 
print the related effective porosity and tortuosity values. Finally, the effective porosity and the 
tortuosity of an SRAE are calculated by Eq. (3.3). 
Two parameters were used to determine the performance of using parallel programming 
in this work. The first of these is called speedup (S), and determined by dividing the runtime of 
the serial code, (T1), by the runtime of the parallel code with 𝑛𝑐 threads, (𝑇𝑛𝑐), as shown in Eq. 
(3.13) [49]:  
𝑆 =
𝑇1
𝑇𝑛𝑐
 (3.13) 
The second parameter is the performance, which is defined as the ratio of the total floating point 
operations and the runtime. The performance in MFLOPs is computed by Eq. (3.14) for this 
particular code. 
Performance = 4.74925 × 103 ∑ 𝛷𝑒𝑓𝑓(𝑖)
𝑁𝑅𝐴𝐸
𝑖=1
/Execution Time (3.14) 
 
where, 𝑁𝑅𝐴𝐸 is the number of RAEs in an SRAE set, and Φ𝑒𝑓𝑓(𝑖) is the effective porosity of  
RAE number i. As a hardware, a personal computer with 4 processors with 2.40 GHz speed, each 
performs 4 floating-point operation (Flop) per cycle was used. The peak performance was 
calculated as follows: 
𝑃𝑝𝑒𝑎𝑘 =
2.40 GHz
1 core
×
4 Flop
cycle
× 4 cores = 38.4
GFlop
sec
 (3.15) 
 
The performance analysis was discussed in the following section. 
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Results and Discussion 
The double-path-percolation theory was introduced in the first part of this work. This 
model is used to construct inhomogeneous porous media for low-tortuosity flow systems. 
Confidence-level analyses was utilized first to provide statistical results, and the effective 
porosities of the randomly constructed domains were determined. A confidence level of 99%, an 
aspect ratio, and a target porosity with a wide range of resulting effective porosity was selected 
for momentum transfer analyses. The study continued by a statistical representative area element 
selection, and a single-component, single-phase lattice-Boltzmann model was applied to the 
system to determine the effective tortuosity of the flow system. The following sections 
summarize the results for each step. 
Confidence-levels of 95%, 97%, and 99% were applied using the law of large numbers to 
determine the porosity and effective porosity of the generated porous channels with the aspect 
ratios of 5, 10, and 15. Target porosities of 55%, 60%, and 65% were examined on the channels 
generated by double-path-percolation model. Figure 3.6 presents the results for three cases with 
aspect ratio – target porosity pairs of 5/0.55, 10/0.65, and 15/0.60. In each plot, porosities were 
divided into subgroups, and each domain’s porosity was added to the subgroup, which it belongs 
to. The vertical axis represents the occurrence frequency of each subgroup of porosities. Then, 
the probability distributions against porosity were plotted in this figure. As observed in all three 
plots in Figure 3.8, the occurrence frequency of the group with the desired (or target) porosity is 
the highest in 99% confidence level. Furthermore, the possible resulting porosity range of the 
simulations are the narrowest when confidence level is 99%. Although, only three cases were 
presented in Figure 3.8, this result holds for all 9 cases with three aspect ratios, three target 
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porosities, and three confidence levels. Hence, 99% of confidence level will be pursued in the 
remaining part of this study. 
The goal of the current work is to develop an alternative effective diffusion model for 
low-tortuosity flow and to obtain an equation for effective diffusion coefficient as a function of 
bulk diffusion coefficient and effective porosity. Thus, the tortuosity term in the Carman model 
was eliminated, and the effect of tortuosity was included as a constant power of effective 
porosity in the new model. Therefore, further LBM computations for momentum transport can 
be eliminated in more advanced future studies involved with mass diffusion in porous media. 
Furthermore, it is thought that it would be useful to demonstrate the ability to show 
computationally that two media with the same effective porosity may have significantly different 
diffusion ratios. To do this, it is crucial to provide information of flow characteristics for low-
tortuosity porous media with a great range of effective porosity. The resulting effective porosity 
distributions of all three target porosities were plotted for the aspect ratios of 5, 10, and 15, as 
presented in Figure 3.7, to consider the most appropriate aspect ratio - target porosity pair. As 
observed in the figure, porous media generated with a target porosity of 65% results an effective 
porosity of 100% for all three cases with different aspect ratios. Porous media with a target 
porosity of 55% with an aspect ratio of 5, generates effective porous domains with an effective 
porosity of lower than about 30%, and this case generate domains with an effective porosity of 
0%, with a chance of 60%, which is the occurrence frequency of the effective porosity of 0%. 
This frequency reduces to 10% for the case with an aspect ratio of 10, and the effective porosity 
takes values between 0% and 40%. In the case with an aspect ratio of 15, the occurrence 
frequency of a domain with an effective porosity of 0% reduces to about zero, and the effective 
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porosity takes values between 0% and 50%. When the target porosity is set to 60% with an 
aspect ratio of 5, it is observed that the resulting effective porosity range is relatively wide 
comparing with the other cases. However, there is a 15% chance of the case with a resulting 
domain with an effective porosity of 100%. When aspect ratio increases, the resulting effective 
porosity chance of 100% decreases.  
To cover all the possible effective porosity ranges in the new diffusion model, the cases 
with both 55% and 60% target porosities with an aspect ratio of 15 can be performed. However, 
porous channels with an aspect ratio of 15 will provide very short paths for the fluid molecules. 
Two resulting porous channels for the cases with the aspect ratios of 5 and 15, and a target 
porosity of 60% are demonstrated in Figure 3.8. Therefore, path-percolation model with a 99% 
confidence level, a target porosity of 60%, and an aspect ratio of 5 was selected for the new 
effective diffusion model. Hence, 88 porous channels with dimensions of 300x60 were 
generated, and the momentum transfer in each domain was simulated using D2Q9 lattice-
Boltzmann model to obtain the effective tortuosity. Perhaps the most precise way to simulate 
low-tortuosity flow in inhomogeneous porous media is obtaining the digitized micro-computed 
tomographies of the actual domains, and applying LBM for mass transfer (e.g. using a D2Q5 
lattice for mass transport). The introduced model with the selected aspect ratio is an alternative 
approach for diffusion studies in inhomogeneous random low-tortuosity porous media that is 
much less computationally expensive. It can be useful if the tortuosity of the actual geometries 
are qualitatively predictable or exactly known. Furthermore, the void- and solid-cluster labelling 
processes can also be applied on the real geometries to reduce the runtime of the simulation.        
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The size of a single RAE is determined to be 55 x 11 [47], and a confidence level study 
was performed to obtain the necessary RAE number in an SRAE set. The result is presented in 
Table 3.2, and the RAE number in a single SRAE set is determined as 30.  
In LBM simulations, the rectangular RAEs were stretched in vertical direction to obtain 
squares. This process was performed to compare the single- [47] and double-path-percolation 
results for square channels. Figure 9 presents a sample demonstration of the entire procedure. A 
random inhomogeneous porous medium was generated as seen in Figure 3.9(a). The target and 
resulting porosities are 0.6000 and 0.6002, respectively. The void and solid cluster labelling 
processes were applied on the domain, and the effective domain was obtained as shown in Figure 
3.9(b). The resulting effective porosity was determined as 0.6659. SRAE set was constructed 
with 30 RAEs. LBM was applied to all representative areas in the SRAE set. Velocity 
distribution in two of the RAEs are shown in Figure 3.9(c) and (d). The effective porosity and 
tortuosity of the set was computed as 0.6623 and 1.0017, respectively. 
The statistical results of this work are shown in Figure 3.10. These results were obtained 
after simulating 88 trials as seen in Table 3.2. Effective porosity results were plotted against the 
computed effective tortuosity values, as shown in Figure 3.10(a). Relatively low tortuosity 
values were observed (below 1.02), regarding to single-path-percolation results, which were 
lying between 1 and 3 [47]. When effective porosity increased, tortuosity slightly decreased. The 
Carman model was applied on the data using Eq. (3.19), and the diffusion ratio was plotted 
against the effective porosity as shown in Figure 3.10(b). A data fit was applied to develop an 
effective diffusion model to be used in low-tortuosity flow in porous media. The new model is 
shown in Eq. (3.16). 
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𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘𝛷𝑒𝑓𝑓
1.0122 (3.16) 
As expected, tortuosity has a lower effect on effective diffusion coefficient. Figure 3.10(c) 
demonstrates the difference between two models for high- and low-tortuosity flows by single- 
and double-path-percolation theories. This figure tells that the diffusion behavior of a gas in two 
porous channels with the same effective porosity would be significantly different than each 
other, because of the tortuosity effects. In high-tortuosity systems, an increase in tortuosity 
decreases the diffusion ratio much more than that of the low-tortuosity systems. There is 
approximately 20% difference in diffusion ratios in these systems, especially for low effective 
porosities. This difference slightly reduces with the increased effective porosity, and they overlap 
(𝐷𝑒𝑓𝑓/𝐷𝑏𝑢𝑙𝑘 = 1.0) when the effective porosity becomes 1, where the tortuosities and effective 
porosities become equal for two systems. As a summary, about 20% more gas is diffused in low-
tortuosity flows, simulated by double-path-percolation theory, than high-tortuosity flows, 
simulated by single-path-percolation theory, for a great range of effective porosity.  For the 
example simulation shown in Figure 3.9, the diffusion ratio was computed as 0.5964, using the 
new model. It must be noted that these results are 99% confident in precision within an error 
limit of 1.0 x 10-3 as explained in the “Methodology” section.      
For the performance analysis of the single-phase parallel codes, PAPI time counters [53] 
were placed in the specific parts of the code, and a runtime analysis was performed for all 
implementations. Figure 3.11 shows the speedup and performance results for all parallel 
implementations. The best performance was observed with Pthreads implementation with 4 
processors as observed in Figure 3.11. A maximum performance of 2.8 GFLOPs was achieved, 
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whereas the maximum speedup was 3.962. Hence, Pthreads implementation was utilized to 
obtain the statistical results in this study.  
A two-dimensional model was developed in the current study, hence it has several 
potential sources of errors. First of all, the missing third dimension would affect the resulting 
effective porosity and tortuosity values, since new paths for the fluid molecules will be opened 
and both effective porosity and tortuosity will be increased. Finally, hardware with more than 4 
processors will definitely provide better results, since the availability of higher confidence level 
studies are provided. All these issues are subject of the ongoing study.       
Conclusions 
A novel model called the double-path-percolation theory was developed to simulate low-
tortuosity fluid flows through inhomogeneous random porous channels, and introduced in this 
study. The double path-percolation model is different than existing models through its stochastic 
approach, and introduction of solid cluster labelling.  A single-component single-phase Lattice-
Boltzmann model was applied to investigate the diffusion behavior of gases in the low-tortuosity 
channels. Tortuosity was analyzed for the media with a great range of effective porosity, and had 
values between 1.0005 and 1.0663. The impacts of effective porosity and tortuosity on effective 
diffusion in porous media were also investigated, and compared with the high-tortuosity flows. It 
was concluded that the effective tortuosity has a negligible effect on mass diffusion in the 
channels generated by double-path-percolation theory. A new effective diffusion model was 
developed to predict the effective diffusion coefficient as a function of effective porosity. In this 
model, the diffusion ratio increases with the effective porosity with a power of 1.0122.   
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Furthermore, three high performance systems were implemented on two sections of the 
code, and the performances were examined to determine the optimal application programming 
interface for this particular work. The best performance of 2.8 GFLOPs, was achieved by the 
Pthreads implementation with four processors, and the gained speedup was computed as 3.962.       
The introduced porous channel simulation technique can be utilized in any porous 
medium application involved with transport phenomena in solid and void paths, and the results 
of the current work can be applied in any mass diffusion study with low-tortuosity porous 
channels.  
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Table 3.1. History calculations for double-path-percolation model. 
Confidence 
Level 
𝐞𝐫𝐟 (𝜺√
𝒏
𝒑𝒒
) 𝜺√
𝒏
𝒑𝒒
 p 𝒏 Nodes trials Nodes trials Nodes trials 
95% 0.475 1.9604 
0.55 951,184 
A
sp
ec
t 
ra
ti
o
=
5
 240x48 
83 
A
sp
ec
t 
ra
ti
o
=
1
0
 240x24 
166 
A
sp
ec
t 
ra
ti
o
=
1
5
 240x16 
248 
0.60 922,360 81 161 241 
0.65 875,321 76 152 228 
97% 0.485 2.1707 
0.55 1,166,205 
170x54 
80 
270x27 
160 
270x18 
240 
0.60 1,130,866 78 156 233 
0.65 1,071,966 74 148 221 
99% 0.495 2.5767 
0.55 1,643,248 
300x60 
92 
300x30 
182 
300x20 
273 
0.60 1,593,452 88 177 266 
0.65 1,510,460 84 168 252 
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Table 3.2. History calculations for single-phase Lattice-Boltzmann model in double-path percolation theory. 
Confidence 
Level 
𝐞𝐫𝐟(𝜺√
𝒏
𝒑𝒒
) 𝜺√
𝒏
𝒑𝒒
 p 𝒏 
Aspect 
ratio 
Nodes Trials 
RAE 
size 
RAE # 
in a 
size 
99% 0.495 2.5767 0.60 1,593,452 5 
 
88 55x11 
 
300x60 30 
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Figure 3.1. Random inhomogeneous porous medium generation.
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           (a)          (b) 
 
           (c)          (d) 
 
           (e)          (f) 
Figure 3.2. Random porous medium with an aspect ratio and target porosity of 10 and 60%, 
respectively.
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                  (a)              (b) 
Figure 3.3. A D2Q9 lattice (a) a square lattice with nine velocity components (b) lattices at the 
boundaries with the unknown (dashed) components. 
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Figure 3.4. Flowchart of the single-phase serial code for a single trial. 
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(a) 
            
(b) 
Figure 3.5. SRAE extraction by (a) the serial code, and (b) the parallel code with 5 processors. 
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           (a)          (b) 
 
      (c) 
Figure 3.6. Results of the confidence level study for porosity. Target porosities and aspect ratios 
are (a) 55%, A=5, (b) 60%, A=15, and (c) 65%, A=10. 
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                      (a)                     (b) 
  
      (c) 
Figure 3.7. Results of the confidence level study for effective porosity with all three target 
porosities. The aspect ratios are (a) A=5, (b) A=10, and (c) A=15. 
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      (a)                 (b) 
Figure 3.8. Two random porous channels generated by double-path-percolation theory. The 
aspect ratios are: (a) A=5, and (b) A=15. 
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Figure 3.9. A sample double-path-percolation and LBM procedure; (a) initially generated porous 
domain, target porosity = 0.6000, resulting porosity= 0.6002, (b) effective domain with an 
effective porosity of 0.6659, LBM results for (c) RAE #1 (𝛷𝑒𝑓𝑓 = 0.6661, 𝜏𝑒𝑓𝑓 = 1.0010) and 
(c) RAE #20 (𝛷𝑒𝑓𝑓 = 0.6975, 𝜏𝑒𝑓𝑓 = 1.0028).   
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           (a)          (b) 
 
(c) 
Figure 3.9. Continued. 
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(d) 
Figure 3.9. Continued. 
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        (a)             (b) 
  
        (c) 
Figure 3.10. Double-path-percolation results – (a) Tortuosity vs. effective porosity vs. porosity, 
(b) new diffusion model, (c) comparison with high-tortuosity (single-path-percolation) model.
 121 
 
 
(a) 
 
(b) 
Figure 3.11. Speedup and performance achieved by three different high performance systems. 
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CHAPTER IV  
 SINGLE- AND MULTI-PHASE FLOW ANALYSIS IN 
INHOMOGENEOUS RANDOM POROUS CHANNELS: II. EFFECTS OF 
HYDROPHOBIC SOLID STRUCTURES ON MASS TRANSFER WITH 
SINGLE- AND DOUBLE-PATH-PERCOLATION THEORIES 
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Abstract 
In this study, statistical single- and double-path-percolation theories were applied to 
simulate high- (above 1.0700) and low-tortuosity (between 1.0005 and 1.0700) porous channels, 
respectively. Single-path-percolation theory was used to simulate void paths in the channel for 
the fluid molecules, and double-path-percolation theory was used to simulate both void and solid 
paths. Single- and multi-phase Lattice-Boltzmann models were developed to investigate the 
effects of 0%, 10%, and 20% liquid saturation on gas transport in the channels. In low-tortuosity 
systems, effective tortuosity was increased with the liquid volume for all effective porosity 
ranges. For a high-tortuosity high-porosity medium, tortuosity was increased with the liquid 
formation. When the effective porosity was decreased significantly, fewer pathways were left in 
the channels. If a pathway was plugged by the liquid molecules, the effective porosity would 
reduce more. The remaining paths were mostly almost vertical, and it caused a decrease in 
effective tortuosity. Although there are differences in the effects of liquid content on effective 
tortuosity as a function of effective porosity, a general trend was observed in impact of liquid 
formation on effective diffusion coefficient in porous channels, which states that the existence of 
liquid molecules reduces the amount of gas diffused. Furthermore, 0%, 50%, and 100% of the 
solid surface inside the channel was set hydrophobic, and the effects were examined with 10% 
and 20% condensate cases. The hydrophobic content in the channel slightly decreased the 
effective diffusion coefficient in low-tortuosity systems, since the tortuosity was increased. 
However, in high-tortuosity systems it has a negligible effect on tortuosity and gas diffusion. 
Finally, an in-house pthreads program was developed to work with higher computing 
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performance using parallel programming. A speedup and a peak performance of 3.763 and 2.788 
GFLOPs were achieved, respectively, using a hardware with four physical processors.    
Nomenclature 
a  A parameter to include intermolecular attractive force into the van der Waals 
equation of state, (m6 Pa/mol2) 
b A parameter to include the effects of non-negligible molecule volume into the van 
der Waals equation of state, (m3/mol) 
CL  Confidence level 
c  Unit lattice velocity, (m/s)  
Dbulk  Bulk diffusion coefficient, (m2/s) 
Deff  Effective diffusion coefficient, (m2/s) 
F  Intermolecular force, (N) 
Fads  Adsorption force between solid and liquid particles, (N) 
f  The probability distribution function 
feq  Equivalent distribution function  
G  Intermolecular interaction strength 
Gads  Intermolecular adsorption strength 
k  Lattice index 
NRAE Number of the representative area elements in a statistical representative area 
element set 
n  Total history number 
nm  Number of moles of the fluid 
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P  Pressure of the fluid, (Pa) 
Pr  Probability of any event to occur 
p  The probability of a pore to occur in a node 
q  The probability of a solid to occur in a node 
R  Gas constant of the fluid, (J/mol K) 
Sads  A switch parameter that can be 0 or 1. 
T  Temperature of the fluid, (K) 
t  Time, (s) 
U  Velocity, u = √u2 + v2, (m/s)  
u  Velocity in horizontal direction, (m/s) 
V  Volume of the fluid, (m3) 
v  Velocity in vertical direction, (m/s) 
w  Weighting factor of the lattice components 
X̂  Arithmetic average of any property 
x  Horizontal distance, (m) 
y  Vertical distance, (m) 
Greek Letters 
ε  Error between the true and estimated probabilities of an event 
ρ  Density of the fluid, (kg/m3) 
ρ0  An arbitrary parameter, (kg/m3) 
τ  Tortuosity 
τeff  Effective tortuosity 
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ϕ  Porosity 
ϕeff  Effective porosity 
ψ  Intermolecular interaction potential 
ψ0  An arbitrary parameter 
Introduction 
This work contains two main components. In the first part, random inhomogeneous 
porous channels were simulated by two methods. The first method is called the single-path 
percolation theory, which was developed by Jung et al. [2] to investigate the electrical property 
variations in spatially-disordered inhomogeneous media, using a statistical approach based on the 
law of large numbers [42]. The path-percolation model was modified to examine the diffusion 
behavior of gases in randomly generated inhomogeneous porous channels by Cekmer et al. [47]. 
With the developed two-dimensional model, inhomogeneous porous media were randomly 
generated depending on the initial porosity, and effective porosities were determined by 
eliminating the orphan pores, which do not contribute to mass transport. A Lattice-Boltzmann 
model (LBM) was utilized to solve the momentum balance equation, and statistical effective 
tortuosity values were determined using the velocity distribution throughout the porous channels. 
The single-path-percolation theory was also used in Chapter II to examine the multi-phase mass 
transfer in random porous channels. In this work, effective porosities and tortuosities were 
determined for different liquid-solid-vapor configurations using a combined path-percolation and 
single-component multi-phase LBM. Although tortuosity was observed to be increased or 
decreased with liquid formation in the channel, the effective diffusion coefficient was always 
reduced with increased condensate. In the same study, a parallel programming application was 
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used to achieve higher computing performance with a reduced runtime. Four processors were 
used in a fork and joint model in LB simulations, and a performance and a speedup of 1.275 
GFLOPs and 3.3553 achieved, respectively. A new path-percolation model called the double-
path-percolation was developed in Chapter III to simulate low-tortuosity flow systems. In this 
work, a new diffusion model was developed for low-tortuosity systems, and compared with that 
of statistical single-path-percolation model. A single-component single-phase LBM was applied 
on low-tortuosity channels, and the code was improved using three different high-performance 
computing systems; Posix threads (Pthreads), OpenSHMEM, and MPI. A speedup of 3.962 with 
a performance of 2.8 GFLOPs were achieved with four processors in Pthreads implementation.  
In the current study, the effects of surface-fluid interactions on multi-phase mass transfer 
were investigated for high- and low-tortuosity systems by single- and double-path-percolation 
models, respectively. A single-component multi-phase LBM was developed using the van der 
Waals equation of state to include the effects of intermolecular attractive forces as introduced by 
Shan and Chen [27], and He and Doolen [28]. Furthermore, the adhesive interaction force 
between the fluid molecules and the surface was also included in the model as introduced by 
Martys and Chen [29], to simulate the effects of hydrophobic surface on multi-phase mass 
transfer. In addition, Pthreads codes were developed for the combined path-percolation – Lattice-
Boltzmann models, and the same hardware in [54, 55] was used with four processors each with 
2.40 GHz speed. This study is therefore an extension to the previous statistical works done by 
Cekmer et al. [47, 54, 55].  
Its statistical approach based on the law of large numbers with the novel cluster labeling 
process make this work different than the previous inhomogeneous porous medium studies. The 
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statistical outcome of this work can be used in any low- and high-tortuosity inhomogeneous 
porous medium system involved with multi-phase flow with hydrophilic and hydrophobic solid 
structures. Furthermore, the methods introduced here can be applied on any porous system 
involved with transport phenomena in both its solid and void regions, as in gas diffusion layers 
(GDL) of a polymer electrolyte fuel cell (PEFC), in which there is species transport through void 
regions, whereas electrons travel through solid paths [52].    
  Methodology 
In the first part of this study, a confidence level analysis for an inhomogeneous random 
porous medium construction is conducted using statistical single-and double-path-percolation 
theories. This was followed by a statistical representative area element (SRAE) extraction 
procedure with two-point statistics. Then, a typical LBM simulation was explained in detail for 
three different liquid formation amount in the channel; 0%, 10%, and 20%, and three solid 
structure cases with a hydrophobic content of 0%, 50%, and 100%. The detailed procedure of 
constructing a random domain by single- and double-path-percolation theories with their 
separate cluster labelling processes can be found in Chapters I and III, respectively, and was not 
repeated here. 
Confidence-Level Calculations 
   The model initiates with a confidence-level study to obtain statistical results with a 99% 
confidence level. The confidence level, CL, expresses the reliability of any estimate and the 
following relation is derived to relate the confidence level to the estimated and resulting 
parameters in terms of an error function [42]: 
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𝐶𝐿
2
= erf (𝜀√
𝑛
𝑝𝑞
) (4.1) 
where, p and q are the estimated probabilities of generating a pore and a solid in a single node, 
respectively. Thus q becomes 1-p since there are only two probabilities of the phase assigned to a 
node. The difference between the true and estimated probabilities of an event, which is the 
porosity in this case, is called the error and represented by ε. The error is set to 1x10-3 in this 
work. The only unknown, n, is the total history number, and calculated by Eq. (4.1) and an error 
function table [42]. Mathematically, the history number is the multiplication of the node number, 
which is the size of the domain, and the trial number, which is the needed number of simulations 
to reach the desired porosity within the specified error range. 
 The confidence-level study was performed for double path-percolation theory, in which 
the target porosity of the inhomogeneous domain is 60% [54]. Hence, p and q become 0.60 and 
0.40, respectively, whereas CL and ε are 0.99 and 1x10-3, respectively. Using an error function 
table lets us calculate the RHS of Eq. (1) as 2.5767, which makes n 1,593,452. A domain size of 
300x60 was determined, hence the trial number becomes 88. The results for the initial porosity 
can be found in [54]. In this work, the result of the confidence-level study was also used in 
hydrophobic solid particle injection as explained in the Results and Discussion section. The trial 
number determined here was also applied to single-path-percolation simulations to compare the 
results of these low- and high-tortuosity flow systems.  
 For the LBM simulations, the entire domain was not used. Instead, an SRAE set was 
constructed by selecting many representative area elements (RAEs), and the LBM was applied 
on all these RAEs in an SRAE set as explained in the following sections. Another confidence-
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level study is needed for the LBM simulations. To do this, an RAE size of 30x6 was selected. 
This time, the history number (1,593,452) becomes the multiplication of the trial number (88), 
RAE size (180), and RAE number in an SRAE set. Thus, the RAE number in a set becomes 100.  
Hydrophobic Solid Addition  
Unique to the previous path-percolation works [47, 54, 55], the surface-fluid interactions 
were included in this combined path-percolation – multi-phase LB model in this work. To do 
this, after the generation of the initial domain, and the cluster labelling process, in other words; 
after obtaining the effective domain, hydrophobic solid particle injection was performed. A 
subroutine was developed to inject hydrophobic particles on the surface of the solid regions, 
which is in contact with gas. Two examples with target porosity of 60% and hydrophobic content 
of 50% for both percolation models are explained here. To provide a clear and simple 
demonstration, the domain size was selected 100x100 for single- and 100x20 for double-path-
percolation model to keep the aspect ratio of 5 as explained in Chapter III.  
In single-path-percolation model which simulates paths only in the void region, the first 
step is generating a random porous domain as shown in Fig. 4.1(a). The porosity of the initial 
domain is 59.96%. The cluster labeling process is performed to eliminate the orphan pore 
clusters, which are not connected to both inlet (the bottom boundary) and outlet (the top 
boundary) of the channel. The interconnected pore clusters are shown in Fig. 4.1(b), whereas the 
effective domain in Fig. 4.1(c). The resulting effective porosity is 37.91%. In Fig. 4.1(d), the 
hydrophobic solid particle spraying is presented. The resulting hydrophobic content on surface is 
50.96%. Another consideration of the hydrophobic implementation is the active hydrophobic 
area. The parts of the hydrophobic solids, which are not in contact with void will be passive as 
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presented in Fig. 4.2. The active hydrophobic area is computed 54.23% of the total hydrophobic 
solid area. 
Low-tortuosity porous channel generation is done by double-path-percolation theory. 
There are a few differences between these two percolation models. First, the aspect ratio in 
double-path-percolation model, which is defined as the ratio of the horizontal to the vertical 
length of the channel is not 1 as in single-path-percolation model. Instead, it was selected 5 to 
enable two transport paths; one in solid and the other in void regions. Furthermore, there are two 
additional steps in the double-path-percolation model. The first one is the solid cluster labeling 
process, which groups the interconnected solids into clusters, and eliminates the orphan solid 
nodes. The next difference is the stretching process. The aim of this work is to compare the 
multi-phase mass transport behavior in both systems with the same size. That is why the aspect 
ratio is set to 1 again by stretching the channel in vertical direction, after generating the low-
tortuosity porous domain. The entire process is demonstrated in Fig. 4.3. The initial porous 
medium with a porosity of 59.15% was generated. The void and solid cluster labelling processes 
were applied, and an effective porous domain with a porosity of 37.55% is obtained. After the 
hydrophobic particle spraying, 51.23% of the solid particles became hydrophobic, with an active 
area of 30.03% of the total hydrophobic area.   
   A difference of 24.2% in active hydrophobic area was observed in these two examples 
with approximately the same effective porosity and hydrophobic content. The statistical results 
are discussed in the “Results and Discussion” section. 
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SRAE Selection Process 
In the multi-phase transport simulation part of this study, LBM was applied on the system 
for many times as explained in “Pthreads Implementation” section. Since, the Lattice-Boltzmann 
model is a computationally intensive method, although it is not as intensive as Navier-Stokes 
based models, an alternative method is needed. To do this, a tool called the two-point statistics 
was used in the current work [43, 44, 47]. Instead of applying LBM on the entire domain, 
smaller representative domains were extracted. An RAE is a domain smaller in size, which 
represents the entire domain in terms of porosity, effective porosity, and hydrophobic solid 
content. An SRAE is a set of RAEs, which were optimally extracted from the entire domain [55]. 
To determine the properties of the SRAE set, the following equation is used: 
?̂? =
1
𝑁𝑅𝐴𝐸
∑ 𝑋𝑚
𝑁𝑅𝐴𝐸
𝑚=1
 (4.2) 
where, 𝑋 can be set as porosity, effective porosity, and tortuosity, ?̂? is the ensemble average of 
any of these properties, 𝑋𝑚 is the property of the m
th RAE, and 𝑁𝑅𝐴𝐸 is the total element number 
in a set, which is 100 in the current work. In summary, every single SRAE set is considered as a 
single virtual representative domain of the entire channel, and its properties are calculated by Eq. 
(4.2).  
A Multi-Phase Lattice-Boltzmann Model 
A D2Q9 lattice was used in this study, and the equations for the single-component single-
phase LBM is the same as that of Cekmer et al. [47], except that a single-relaxation time was 
applied in collision process, instead of multi-relaxation matrix: 
𝑓𝑘(𝑥 + 𝑐∆𝑡, 𝑦 + 𝑐∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑘(𝑥, 𝑦, 𝑡) = −
1
𝜏
[𝑓𝑘(𝑥, 𝑦, 𝑡) − 𝑓𝑘
𝑒𝑞(𝑥, 𝑦, 𝑡)] (4.3) 
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𝑓𝑘(𝑥 + ∆𝑥, 𝑦 + ∆𝑦, 𝑡 + ∆𝑡) = 𝑓𝑘(𝑥, 𝑦, 𝑡 + ∆𝑡) (4.4) 
 
where, x and y are the horizontal and vertical positions, f is the probability density function, k is 
the lattice index, t is time, c is the unit lattice velocity, and 𝜏 is the single-relaxation factor [4, 5, 
56]. The van der Waals equation of state was used to include the long-range intermolecular 
attractive forces to simulate multi-phase flow in porous channels. To do this, a single-component 
multi-phase LBM was developed [5, 27]. In this isothermal multi-phase model, the 
intermolecular attractive force causes a phase separation between liquid and vapor. Initially, the 
porous channel was occupied by a two-phase fluid with a non-zero thermodynamic quality. 
Hence, there is no phase change included in the model, only a phase separation after the phase 
change is considered. The model initiates with a phase separation right after the phase change.   
The non-ideal van der Waals equation of state is applied to account the intermolecular 
attractive forces in the model: 
𝑃 =
𝑛𝑅𝑇
𝑉 − 𝑛𝑏
− 𝑎 (
𝑛
𝑉
)
2
 (4.5) 
In Eq. (4.5), 𝑛, 𝑅, 𝑇, 𝑉, and 𝑃 are number of moles, gas constant temperature, volume, and 
pressure of the fluid, respectively. Furthermore, the second term on RHS accounts for 
intermolecular attractive forces, and 𝑛𝑏 represents the non-negligible volume of molecules, 
which were neglected in the current study. He and Doolen [28] derived a simpler form of the van 
der Waals EOS to determine the pressure distribution throughout a channel: 
𝑃 =
𝜌
3
+
𝐺
6
𝛹2 (4.6) 
The interaction potential is represented by 𝛹, and computed by the following equation in an 
isothermal process [27]: 
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𝛹 = 𝛹0exp (
−𝜌0
𝜌
) (4.7) 
where, 𝛹0 and 𝜌0 are constants. 𝐺 is the interaction strength. The intermolecular attractive force 
can be calculated by Equation (4.8), where 𝑐𝑘 and 𝑤𝑘 are the lattice velocity and weighting 
factor of the kth velocity component, respectively. 
𝐹 = −𝐺𝛹(𝑥, 𝑡) ∑ 𝑤𝑘𝛹(𝑥 + 𝑐𝑘𝑑𝑡, 𝑡)
8
𝑘=1
𝑐𝑘 (4.8) 
Finally, an adhesive interaction force was added to the model to include the effects of 
hydrophilic and hydrophobic solid surface on mass transport. Two new parameters are needed 
for the model, which are the adsorption strength, 𝐺𝑎𝑑𝑠, and a solid switch, 𝑆𝑎𝑑𝑠, respectively. 
𝑆𝑎𝑑𝑠 can take values 0 and 1. If the neighbor of the working node is solid, then it becomes 1, 
otherwise 0.  The adhesive interaction force between the void and solid nodes is shown in Eq. 
(4.9) [29]. 
𝐹𝑎𝑑𝑠 = −𝐺𝑎𝑑𝑠𝛹(𝑥, 𝑡) ∑ 𝑤𝑘𝑆𝑎𝑑𝑠(𝑥 + 𝑐𝑘𝑑𝑡, 𝑡)
8
𝑘=1
𝑐𝑘 (4.9) 
The controlling parameter to determine the contact angle between the solid and void is 
the adsorption strength. Eqs. (4.10-4.11) are the 𝐺𝑎𝑑𝑠 equations for 180
o and 0o contact angle, 
respectively [5].  
𝐺𝑎𝑑𝑠 = 𝐺 (4.10) 
𝐺𝑎𝑑𝑠 = 𝐺𝛹 (4.11) 
𝛹 is computed 2.8 by Eq. (4.7), using the average liquid density obtained in the previous work 
[55]. 𝐺 is taken -120, hence 𝐺𝑎𝑑𝑠 becomes -341.7 and -120.0 for a 0
o and 180o of contact angles, 
respectively, which are similar to the results by Sukop [5]. A sample simulation is shown in Fig. 
4.4. In this example, a low-tortuosity porous domain with an effective porosity of 0.45 was 
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constructed by double-path-percolation model, and the best representative element was selected 
for this sample demonstration. The same RAE with a surface with 0% and 100% hydrophobic 
contents were simulated. Then, multi-phase LBM was applied and 33% of a condensation was 
obtained. In Fig. 4.4 (a), all the surface was set hydrophilic (0o contact angle), and it is observed 
that the entire surface attracts the liquid molecules, and the channel stayed open for gas transport 
with an effective porosity of 29.77%. As presented in Fig. 4.4(b), the surface is 100% 
hydrophobic (180o contact angle), and the liquid molecules plugged the channel, and caused a 
zero effective porosity.  
 To simulate the liquid formation and the hydrophobic solid surface impact on effective 
gas diffusion coefficient, a simple procedure is pursued. After generating the effective channel 
by a percolation-theory, SRAE extraction process is performed. For each RAE of the set, a 
single-phase LBM is applied to obtain the effective porosity and tortuosity of the dry channel. 
Then, a multi-phase LBM is utilized. The controlling parameter for the amount of the liquid 
volume is the initial density of the fluid. The density is set to an appropriate value at the 
beginning and the multi-phase LBM subroutine is executed. If the desired condensate amount, 
which is 10% and 20% in the current work, is reached, then the nodes occupied by the liquid 
molecules are treated as solid. The void cluster labelling process is performed to obtain the new 
effective porosity of the domain. Then, the single-phase LBM function is called to determine the 
tortuosity for the gas-phase flow. If the desired liquid amount is not reached, the code increases 
the density, and repeats the procedure again, starting from the single-phase LBM. It ends, after 
all the information is obtained, and passes to another RAE. The detailed information about this 
process can be found in [55].  
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The statistical results are explained in the “Results and Discussion” section. 
Pthreads Implementation 
A widely-used high-performance computing system called Pthreads was implemented on 
two separate parts of the path-percolation – multi-phase LBM code. Pthreads provides multiple 
threads to run in a single memory space [49]. A Pthreads program initiates with a single thread, 
additional threads are created as needed, and destroyed if a sequential part of the code is reached. 
The first parallel part of the code is the SRAE extraction. Instead of using only one 
processor to scan the entire domain to extract potential RAEs for an SRAE set, four of them are 
charged. Each thread has its own territory in the domain. The domain matrix, its porosity, 
effective porosity, and hydrophobic content are read by the threads from the shared memory. The 
threads scan the region of the domain they are responsible, perform the cluster labelling process 
and the related computations in their private memories, and store the selected potential RAEs in 
a matrix in the shared memory. Then, all the generated threads are destroyed and a single thread 
is charged to rank the selected RAEs, and construct the SRAE set. The SRAE matrix is stored in 
the shared memory.  
The second parallel part of the code is the LBM simulations. All the RAEs are distributed 
to the threads, and each thread is responsible for its own RAE group. When all the computations 
are completed, and the effective porosity and tortuosity values for each condensate level are 
obtained, each thread prints the results in a file [54]. The performance increase was analyzed in 
the “Results and Discussion” section.    
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Effective Diffusion in Porous Channels 
The effective tortuosity, 𝜏𝑒𝑓𝑓, has an important role in mass diffusion in porous media. It 
is defined as the ratio of the actual path travelled by a particle and the shortest distance between 
the same points. The computational effective tortuosity is computed by the following equation, 
where 𝑈 is the velocity vector, and 𝑣 represents the velocity component in the flow direction:  
𝜏𝑒𝑓𝑓 =
∫ 𝑈𝑑𝐴
𝐴
∫ 𝑣𝑑𝐴
𝐴
 (4.12) 
Carman’s diffusion model is used to investigate the effects of liquid formation and hydrophobic 
solid surface on mass transport in inhomogeneous porous channels [11].  
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘
𝛷
𝜏
 (4.13) 
Two new effective diffusion models for low- and high-tortuosity flows were developed by 
Cekmer et al. [47, 54] by double- and single-path-percolation theories, and shown in Eqns. (4.14) 
and (4.15), respectively. 
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘𝛷𝑒𝑓𝑓
1.0122 (4.14) 
 
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘𝛷𝑒𝑓𝑓
1.6556 (4.15) 
The results are explained in the following section. 
Results and Discussion 
The current study was initiated with random inhomogeneous porous media generation by 
single- and double-path-percolation models. The first step was the confidence-level study to 
determine the necessary node and trial numbers. A confidence-level of 99% was selected, and 
porous domains with a size of 300x300 were generated by these two models. A trial number of 
88 was calculated as a result of the confidence level study. 
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The statistical confidence level results for porosity, hydrophobic content, and active 
hydrophobic area are presented in Fig. 4.5. Fig. 4.5(a) is the result for the initial porosity of the 
generated domain. As seen in the figure, the probability range of the desired porosity, which is 
60%, is wider in the double-path-percolation model. In confidence level study, 99% confidence 
level was assigned to the double-path-percolation model, and the size of the domain was set 
300x60, whereas the trial number was 88. As explained in the Methodology section, 300x60 
domain was stretched by a factor of 5 in vertical direction to compare the results for two square 
domains generated by single- and double-path-percolation theories. For the single-path-
percolation theory, the trial number was kept at 88, whereas the node number became 300x300. 
Hence, the confidence level was increased. Therefore, the probability of generating a porous 
medium with the desired porosity is higher in single-path than double-path-percolation model. In 
the figure in the middle, the probability distributions for hydrophobic solid particle spraying is 
presented. The desired hydrophobic content is 50%. Again, the probability distribution range is a 
little wider in double-path-percolation model because of the same reason, which is the 
confidence level is a little higher than 99% in single-path-percolation model. The figure on the 
right represents the probability curves for the active hydrophobic area divided by the total 
hydrophobic area. It is clearly seen that for the same amount of hydrophobic solid content, the 
active hydrophobic area is much (about 25%) larger in the porous channels generated by single-
path-percolation theory. Hence, it is expected that the effects of hydrophobic surface would be 
less in double-path-percolation results. Another conclusion is that in the single-path-percolation 
model, by which relatively high-tortuosity porous channels are generated, the same hydrophobic 
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effect can be obtained using less hydrophobic material on the surface than that of double-path-
percolation model. 
The first statistical single-path-percolation result is shown in Fig. 4.6, where the effective 
tortuosity probability ranges are plotted against the occurrence frequency for three different 
cases. In Fig. 4.6(a), the effective tortuosity probability range for 0%, 10%, and 20% liquid 
formations in a channel with a porosity higher than 75% was plotted for the cases with 0%, 50%, 
and 100% hydrophobic surface. It is observed that the tortuosity was increased slightly when the 
liquid formation was increased form 0% to 10% for the case with 0% hydrophobic surface. 
Although the results are very similar, the maximum occurrence frequency is observed around 1.4 
for 10% liquid formation, whereas it can take any values between 1.2 and 1.6 with almost the 
same occurrence frequency when the channel is dry. When there is 20% liquid in the channel, 
tortuosity is increased significantly. If the hydrophobic content on the surface is increased to 
50%, tortuosity with 20% liquid decreases, and it takes slightly higher values than the cases with 
lower liquid formation for the case with 100% hydrophobic surface. The results are different for 
the domains with porosities between 60% and 75% as seen in Fig. 4.6(b). It must be noted that 
the results for 0% liquid formation are the same, since there is no effect of hydrophobic surface 
on pure gas flow. This time, the tortuosities in the channels with 10% and 20% liquid have 
smaller values than that for dry channel. The liquid molecules plugged some of the paths for the 
gas flow, and the effective porosity was reduced. Detailed information about the tortuosity 
reduction with increased liquid formation in low-porosity channels can be found in the article by 
Cekmer et al. [55]. When hydrophobic content is increased, tortuosity values becomes slightly 
smaller, and the probability ranges get narrower. In Fig. 4.6(c), tortuosity distribution versus the 
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occurrence frequency is plotted for the domains with porosities lower than 0.60 for 0%, 50%, 
and 100% hydrophobic solid surface in porous channels. The effects of hydrophobic surface on 
tortuosity is similar with the previous case. The only difference is the effects of the porosity. The 
tortuosity values become smaller, hence the probability range curves are shifted to left. With a 
liquid formation of 20%, tortuosity has values below 1.5.  
The statistical results of the effects of liquid formation and hydrophobic surface on 
effective tortuosity for double-path-percolation model are presented in Fig. 4.7. The general 
trend is that the effective tortuosity is increased with the hydrophobic content on the solid 
surface throughout the channels. The reason is that the hydrophobic surface repels the liquid to 
the void regions. The results for the channels with a porosity above 75% are shown in Fig. 
4.7(a). In a channel with hydrophilic surface, the liquid formation does not affect the tortuosity 
significantly. The impact of liquid volume increases with the hydrophobic content, especially for 
20% condensate. With the decreased porosity, these impacts become more observable. When the 
effective porosity of the domain is below 60%, the effective tortuosity probability ranges become 
wider, and the curves shift to right with hydrophobic content.  
 The impact of the hydrophobic content on the solid surface on effective tortuosity can be 
seen more clearly in Fig. 4.8, in which the tortuosity probability is plotted against the occurrence 
frequency for the porous channels generated by single-path-percolation model. When the 
porosity is above 75%, the hydrophobic content decreases the tortuosity. This effect is much 
obvious for the case of a channel with 20% condensate as seen in Fig. 4.8(a). For the smaller 
porosities, no general trend is observed in high-tortuosity systems generated by single-path-
percolation theory as seen in Figs. 4.8(b-c). However, in low-tortuosity systems, the increased 
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hydrophobic solid amount increases the effective tortuosity for all effective porosity ranges as 
shown in Figure 4.9. 
Effective diffusion models shown in Eqs. (4.13-4.15) were used to investigate the effects 
of condensation and surface characteristics on diffusion ratio, which is defined as the ratio of the 
effective and bulk diffusion coefficients. The statistical results for the domains with a porosity 
above 75% are shown in Fig. 4.10. The results for low-tortuosity effective diffusion model 
developed by Cekmer et al. [54] overlap with those of Carman’s equation, especially for the 
cases with 0% and 50% hydrophobicity. When the surface is set to be 100% hydrophobic, than 
these two models differ slightly. On the other hand, the high-tortuosity flow diffusion model 
developed by Cekmer et al. [47] has differences with Carman’s model for dry media. When 
condensation occurs, these two models almost overlap. Liquid formation in the channel reduces 
the diffusion ratio as expected. Furthermore, the diffusion ratio in the domains with the same 
porosities generated by single- and double-path-percolation models show a difference of 
approximately 0.20, and this discrepancy reduces with hydrophilic content on the surface. The 
difference between the diffusion coefficients of low- and high-tortuosity channels increase with 
effective porosity as shown in Fig. 4.11. In this figure, the same results are presented for the 
channels with a porosity between 60% and 75%. Although the hydrophobic solid addition to the 
surface increases the tortuosity, the reduction in the diffusion ratio is not observed in high-
tortuosity systems, but it reduces with the increased hydrophobic content in low-tortuosity 
domains. This result is observed much clearly in Fig. 4.12, which presents the results for the 
domains with a porosity higher than 75%. The reduction of diffusion ratio with increased 
condensate can also be observed in this figure. 
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A high-performance computing system Pthreads was implemented to the code to achieve 
a better computing performance. Four processors were used to make the code parallel. Figure 
4.13 presents the speedup and performance results. A speedup and a performance of 3.7627 and 
2.7876 GFLOPs were achieved, respectively. Although the hardware used is sufficient for the 
current study, a better one can be used with more than 4 physical cores. Alternatively, a 
graphical processing unit can be used via CUDA (Compute Unified Device Architecture) to use 
multiple threads to improve the computing performance, and to apply a better confidence level 
for more accurate results.      
It should be noted that the results here are for a tho-dimensional model which can easily 
be implemented in three dimensions with additional computational cost. The outcomes of a 
three-dimensional model would be more accurate than the current two-dimensional work, since 
the effective porosity and tortuosity values will be higher than the current results due to 
additional pathways into z-direction for transport. 
Conclusions 
 Statistical based path-percolation theories were utilized to investigate the multi-phase 
mass transport with hydrophobic surface effects in randomly generated inhomogeneous porous 
channels. A multi-phase Lattice-Boltzmann model with fluid-fluid and surface-fluid interactions 
was developed to investigate the effects of liquid formation and surface characteristics on mass 
transport. The conclusions are listed as: 
- Single-path-percolation model was used to simulate high-toruosity (above 1.07) flow 
channels. 
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- Double-path-percolation model was used to simulate low-toruosity (between 1.0005 
and 1.0700) flow channels. 
- In both low- and high-tortuosity systems, increased liquid volume increases the 
tortuosity.     
- In high-tortuosity low-porosity systems, added liquid content decreases the tortuosity. 
- In both low- and high-tortuosity channels, liquid formation decreases the effective 
diffusion coefficient and gas transport for all effective porosity ranges. 
- Hydrophobic surface addition in channel increases the effective tortuosity, and slightly 
decreases the effective diffusion coefficient in low-tortuosity domains. 
- The effects of hydrophobic content on gas diffusion is negligible in high-tortuosity 
porous channels. 
Furthermore, a parallel program using Pthreads is developed for the current work, and a 
performance of 2.788 GFLOPs was achieved using four processors. The maximum speedup was 
3.763. The methods and the statistical outcome of this study can be used in any porous medium 
application involved with single- and multi-phase mass transport. 
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           (a)          (b) 
 
           (c)          (d) 
Figure 4.1. An inhomogeneous random domain with 52.5% hydrophobic content by single-path-
percolation model. The active hydrophobic area is 54.0% of the total.
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Figure 4.2. A simple schematic of an active hydrophobic solid content in a representative 
inhomogeneous porous medium. The active hydrophobic area is 50%.
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           (a)          (b) 
 
           (c)          (d) 
 
           (e)          (f) 
Figure 4.3. An inhomogeneous random domain with 51.23% hydrophobic content by double-
path-percolation model. The active hydrophobic area is 30.03% of the total.
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       (a) 
 
       (b) 
Figure 4.4. 33% liquid formation in a channel with (a) 100% hydrophilic, (b) 100% hydrophobic 
surfaces. 
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   (a)           (b)       (c)  
Figure 4.5. Confidence level results for (a) porosity, (b) hydrophobic solid content ratio on the 
surface, (c) active hydrophobic area ratio.
 150 
 
 
(a) 
 
(b) 
 
(c) 
Figure 4.6. Single-path-percolation model - Confidence level results for effective tortuosity for 
0%, 50%, and 100% hydrophobic surface for the domains with porosities (a) higher than 75%, 
(b) between 60% and 75%, (c) lower than 60%.   
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(a) 
 
(b) 
 
(c) 
 
Figure 4.7. Double-path-percolation model - Confidence level results for effective tortuosity for 
0%, 50%, and 100% hydrophobic surface for the domains with porosities (a) higher than 75%, 
(b) between 60% and 75%, (c) lower than 60%.    
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(a) 
 
(b) 
 
(c) 
Figure 4.8. Single-path-percolation model - Confidence level results of effective tortuosity for 
10%, and 20% liquid formation for the domains with porosities (a) higher than 75%, (b) between 
60% and 75%, (c) lower than 60%.   
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(a) 
 
(b) 
 
(c) 
Figure 4.9. Double-path-percolation model - Confidence level results of effective tortuosity for 
10%, and 20% liquid formation for the domains with porosities (a) higher than 75%, (b) between 
60% and 75%, (c) lower than 60%.    
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(a) 
 
(b) 
 
(c) 
Figure 4.10. Confidence level results for diffusion ratio for the domains with porosities above 
75%. Hydrophobic surface content is (a) 0%, (b) 50%, (c) 100%.   
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(a) 
 
(b) 
 
(c) 
Figure 4.11. Confidence level results for diffusion ratio for the domains with porosities between 
60% and 75%. Hydrophobic surface content is (a) 0%, (b) 50%, (c) 100%.   
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Figure 4.12. Double-path-percolation model, diffusion ratio confidence level results with 0%, 
50%, and 100% hydrophobic surface for the domains with porosities above 75%.  
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Figure 4.13. Speedup and performance achieved by pthreads implementation. 
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CHAPTER V  
 SINGLE- AND MULTI-PHASE FLOW ANALYSIS IN 
INHOMOGENEOUS POROUS CHANNELS: III. MICRO-COMPUTED 
PEFC GAS DIFFUSION LAYER GEOMETRIES 
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Abstract 
In this computational study, a statistical approach was pursued to investigate multi-phase 
mass transport using micro-computed tomographies of gas diffusion layer (GDL) samples used 
in polymer electrolyte fuel cells. A Mitsubishi Rayon Corp. MRC-105 and a Sigracet SGL-25BA 
were examined. A 5% of PTFE loading was performed numerically. A multi-phase Lattice-
Boltzmann model with surface-fluid interactions was developed in two dimensions. The cluster 
labeling process was applied to reduce the runtime. The effects of liquid formation on mass 
transfer in the GDL samples was examined. To do this, channels with 10% and 20% condensate 
were simulated, and the changes in effective porosity, tortuosity, and diffusion ratio were 
analyzed. Effective porosity was decreased with the liquid amount as expected. The effective 
tortuosity was increased significantly with 10% liquid formation, but its increase got slower with 
further liquid formation. For the case with 20% liquid formation, the resulting effective 
tortuosities overlapped with the case of 10% condensate in MRC-105, and it was slightly 
decreased in SGL-25BA simulations. The diffusion ratio is decreased with liquid amount in the 
simulations for both samples. Furthermore, the critical liquid formation, beyond which all the 
paths for the gas molecules plugged the channel, takes values between 40% and 88% for both 
samples. The statistical approach based on the law of large numbers differs this work from the 
previous studies.          
Nomenclature 
𝑎 A parameter to include intermolecular attractive force into the van der Waals 
equation of state, (m6 Pa/mol2) 
 160 
 
𝑏 A parameter to include the effects of non-negligible molecule volume into the van 
der Waals equation of state, (m3/mol) 
𝐶𝐿  Confidence level 
𝑐  Unit lattice velocity, (m/s)  
𝐷𝑏𝑢𝑙𝑘  Bulk diffusion coefficient, (m
2/s) 
𝐷𝑒𝑓𝑓  Effective diffusion coefficient, (m
2/s) 
𝐹  Intermolecular force, (N) 
𝐹𝑎𝑑𝑠  Adsorption force between solid and liquid particles, (N) 
𝑓  The probability distribution function 
𝑓𝑒𝑞  Equivalent distribution function  
𝐺  Intermolecular interaction strength 
𝐺𝑎𝑑𝑠  Intermolecular adsorption strength 
𝑘  Lattice index 
𝑁𝑅𝐴𝐸 Number of the representative area elements in a statistical representative area 
element set 
𝑛  Total history number 
𝑛𝑚  Number of moles of the fluid 
𝑃  Pressure of the fluid, (Pa) 
𝑃𝑟  Probability of any event to occur 
𝑝  The probability of a pore to occur in a node 
𝑞  The probability of a solid to occur in a node 
𝑆𝑎𝑑𝑠  A switch parameter that can be 0 or 1. 
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𝑡  Time, (s) 
𝑈  Velocity, 𝑢 = √𝑢2 + 𝑣2, (m/s)  
𝑢  Velocity in horizontal direction, (m/s) 
𝑉  Volume of the fluid, (m3) 
𝑣  Velocity in vertical direction, (m/s) 
𝑤  Weighting factor of the lattice components 
?̂?  Arithmetic average of any property 
𝑥  Horizontal distance, (m) 
𝑦  Vertical distance, (m) 
Greek Letters 
𝜀  Error between the true and estimated probabilities of an event 
𝜌  Density of the fluid, (kg/m3) 
𝜌0  An arbitrary parameter, (kg/m
3) 
𝜏  Tortuosity 
𝜏𝑒𝑓𝑓  Effective tortuosity 
𝜙  Porosity 
𝜙𝑒𝑓𝑓  Effective porosity 
𝜓  Intermolecular interaction potential 
𝜓0  An arbitrary parameter 
Introduction 
A polymer electrolyte fuel cell (PEFC) consists of a polymer electrolyte, anode and 
cathode catalyst layers, gas diffusion layers (GDL), and bipolar plates with flow channels [52]. 
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The following electrochemical reactions occur in anode and cathode electrodes, respectively, 
neglecting the elementary steps: 
𝐻2 ⟶ 2𝐻
+ + 2𝑒− 
1
2
𝑂2 + 2𝐻
+ + 2𝑒− ⟶ 𝐻2𝑂 
Hydrogen gas is oxidized in the anode electrode, and disintegrates into its protons and electrons. 
The protons pass through the proton exchange membrane, and reach to the cathode electrode, 
whereas the electrons are conducted to cathode by an external circuit. In cathode electrode, 
oxygen is reduced by gaining electrons, and water is formed.  
The GDL is placed at the interface between the catalyst layer and the current collectors. 
In polymer electrolyte fuel cells, usually a carbon based porous medium is used and basically 
two types are common on this purpose: woven carbon cloth and fiber structure bonded with a 
graphitized thermoset resin [52]. Two discrete forms of carbon-fiber-based diffusion media are 
adapted to PEFCs especially due to their high porosity (≥ 70%) and good electrical conductivity; 
non-woven papers and woven fabrics (or cloths). Two possible treatments are applied to these 
base materials to improve performance and durability of fuel cells. First, polytetrafluoroethylene 
(PTFE) treatment is applied to increase and stabilize hydrophobicity. Generally, between 5% and 
30% PTFE is used in PEFC diffusion media. Second, an MPL consisting of carbon or graphite 
particles mixed with a polymeric binder (usually PTFE), is used to improve water management, 
to reduce electrical contact resistance with adjacent catalyst layer. 
There are many previous works, in which the diffusion characteristics of GDL samples 
were investigated. Zamel et al. [30] experimentally determined the effective diffusion coefficient 
of a O2 – N2 gas mixture, using a Loschmidt diffusion cell. As diffusion media, TORAY carbon 
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paper samples with a porosity between 63% and 75%, with and without PTFE loading were 
used. It was found that the previous effective diffusion models overpredict the diffusion 
coefficient by at least four times. Chan et al. [31] also used a Loschmidt cell to investigate the 
effective diffusion coefficient of an O2 – N2 mixture in TORAY TGP-H-120 and TGP-H-060 
series with 0%, 30%, and 60% PTFE loading, and without microporous layer. Gas diffusion in 
SolviCore Type A and B, and Sigracet 10 and 25 series GDL with different PTFE loadings and 
MPL coatings were also analyzed. It was concluded that no existing effective diffusion model 
could predict the diffusion coefficient with significant Knudsen contribution. A new effective 
diffusion coefficient correlation was developed using a TORAY TPGH-120 type carbon paper 
with and without Teflon treatment and with varying porosities by Zamel et al. [37]. Fick’s 
second law of diffusion was solved by Fluent, using a finite volume method. Effective diffusion 
correlations for in-plane and through-plane diffusion was obtained as a function of porosity. 
Photothermal deflection measurement of effective gas diffusion coefficient of a porous medium 
with 70% porosity, using an in-house Loschmidt cell with a photothermal-deflection probe was 
performed by Rohling et al. [32]. CO2 – O2 gas mixture was used as binary gas pair, and the 
effective diffusion coefficient was determined as 4.39x10-6 m2s-1. In their experimental study 
[33], LaManna and Kandlikar investigated the effects of MPL coatings, GDL thickness, and 
PTFE loading on effective water vapor diffusion coefficient in PEFC gas diffusion layers. In 
addition to SGL and Toray series samples, two types of Mitsubishi Rayon Corporation Grafil U-
105 series GDL with 7% PTFE loading were also used. A significant resistance to diffusion was 
introduced by MPL coatings and PTFE loading, whereas the thickness had a negligible effect on 
diffusion.   
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In the current study, statistical path-percolation theory [2, 47, 54, 55, 57] and Lattice-
Boltzmann model (LBM) were applied on digitized micro-computed tomographies of Sigracet 
SGL-25BA and Mitsubishi Rayon Corp. MRC-105 to investigate single- and multi-phase mass 
transfer. A 5% of PTFE loading was performed on both samples in the simulations. No MPL 
coating was simulated. Gas flow in two cases with 10% and 20% saturated channels in addition 
to a dry medium was analyzed. The liquid formation in porous channels was simulated by a 
multi-phase LBM [5, 27] as done in the work by Cekmer et al. [55]. The simulations with 
surface-liquid interactions for both samples with 5% hydrophobic PTFE loading were also 
performed by multi-phase LBM with surface interactions [5, 29, 55].  Effective porosity, 
tortuosity, and dimensionless diffusion ratio, which is defined as the ratio of the effective and 
bulk diffusion coefficients, were determined. Dimensionless diffusion ratio instead of effective 
diffusion coefficient was selected for the statistical outcome to enable the future analysis with 
various gases. Furthermore, the critical saturation amount, beyond which there is no mass 
transfer, was determined statistically and compared for both samples.  
The statistical approach based on the law of large numbers with a confidence level of 
99% differs the current study from the previous works. The cluster labeling process, which is a 
part of the path-percolation theory, and used to reduce the runtime of the simulations, is also a 
unique process for diffusion studies. Furthermore, instead of solving the mass balance equation, 
momentum balance was solved, and effects of tortuosity was included in the effective diffusion 
coefficient results, using well-known Carman model [11]. The statistical outcome of this work 
can be used in any macroscopic and mesoscopic PEFC model. Furthermore, the methodology 
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and the statistical approach of the current study can be applied in any other multi-phase 
inhomogeneous porous medium system.   
Methodology 
In the first part, micro-computed x-ray tomographies of two GDL samples were obtained 
from the work prepared by Brandon Walters and Ben Ache from Micro Photonic Incorporation, 
Allentown, PA. The tomographies of Mitsubishi Rayon Corp. MRC-105 and Sigracet SGL-
25BA are presented in three dimensions in Fig. 1. The 3D images were digitized by an in-house 
program, and two dimensional slices of these three dimensional structures were extracted to 
apply the cluster labeling process and LBM. Then, square small representative subdomains were 
extracted from the 2-D slices, and smaller 2D representative area elements (RAEs) were obtained 
to construct statistical representative area element set by two-point statistics. The number of the 
2-D slices, square subdomains, and RAEs for each subdomain were determined by a confidence 
level study. After the confidence level study, a PTFE loading process was performed to obtain 
digitized 2D domains of both GDLs with 5% PTFE. The loading was applied on 2-D slices 
extracted from the 3-D structures. 
To initiate the model, a confidence level study was performed to determine the necessary 
number of the 2D slices, subdomains in 2D slices, RAE number in a single subdomain, and node 
numbers of the RAEs. Further information of confidence level studies can be found in [2, 42, 47, 
54, 55]. The confidence level [42] is defined as the reliability of any estimate: 
𝐶𝐿 = 𝑃𝑟 {|
𝑘
𝑛
− 𝑝| ≤ 𝜀} (5.1) 
where, p is the porosity of the actual geometry, and n is the total history number, which is the 
multiplication of the number of slices, square subdomains in each slice, RAE number in each 
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subdomain, and the number of nodes of an RAE. Total void number in the simulation is k. The 
difference between the porosity of the actual 3-D geometry and the statistical outcome of 2-D 
simulations is called error, and represented by ε. The actual porosities of the GDL samples are 
81.46% and 84.24% for MRC-105 and SGL 25BA, respectively. Pr stands for the probability of 
the event in the brackets, and CL is an abbreviation for the confidence level. A 99% confidence 
level within an error limit of 1x10-3 was applied in this work. The law of large numbers [42] was 
utilized in Eq. (5.1), and a simpler equation for the confidence level is obtained:  
𝑃𝑟 {|
𝑘
𝑛
− 𝑝| ≤ 𝜀} = 2 𝔾(𝜀√
𝑛
𝑝𝑞
) − 1 = 𝐶𝐿 (5.2) 
where, q is 1-p, and 𝔾 is the Gaussian function. Eq. (5.2) can be rewritten in terms of the error 
function as: 
𝐶𝐿
2
= erf (𝜀√
𝑛
𝑝𝑞
) (5.3) 
The unknown in Eq. (5.3), is the total history number, and tabulated for both samples as shown 
in Table 5.1 with the number of 2D slices extracted. The node number of the subdomains in a 2D 
slice with the necessary number of subdomains, RAEs in a subdomain, and the node number of 
an RAE are also presented in the same table. Hence, 10x10x11=1100 simulations for MRC-105 
and 10x9x11=990 for SGL-25BA are needed with the specified node numbers for the 
subdomains, and RAEs in Table 5.1.  
A 5% of hydrophobic PTFE loading on 2-D slices of both samples was performed 
randomly to include the surface-fluid interactions in the current two-phase model. For the 
simulations, a subroutine was developed to scatter hydrophobic particles on solid region, which 
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is in contact with gas. The detailed information can be found in [57]. The active PTFE area is 
defined as the area of the PTFE, which is in contact with the void regions. It was found in a 
previous work [57] that the active area is 30.03% and 54.23% of the total PTFE area in high- and 
low-tortuosity systems.  
As explained above, there are 10 2-D slices per each GDL sample to be investigated. 
These domains are very large in size, and a single LBM simulation has a relatively long runtime 
comparing to that of smaller RAEs. Furthermore, only the single-phase LBM is applied on these 
domains just once. The multi-phase LBM with surface interactions are applied on the system for 
many times, until the program finds the critical liquid formation amount, beyond which no 
further mass transport occurs. Hence, two reduction steps were applied to obtain the statistical 
representative area (SRAE) sets [43, 44, 47]. In the first step, 100x100 subdomains were 
extracted from 2-D slices. These subdomains must represent the 2-D slice that it was extracted 
from in terms of porosity, effective porosity, and PTFE content. Thus, a subroutine was 
developed to do this. The program scans the entire domain to find the best options for the 
subdomains. It starts from the upper left corner of the digitized 2-D slice, investigates every 
possible 100x100 matrix inside. There are three barriers for each matrix to be a subdomain 
candidate. The errors between the porosity, effective porosity, and the PTFE content of the entire 
domain and the smaller matrix investigated must be less than 1.0x10-3. The first barrier is the 
porosity error. If the smaller domain investigated passes the first barrier, in other words, if the 
relative error between the porosities of the entire domain and the smaller matrix is less than 
1.0x10-3, the program applies the cluster labeling process to compute the effective porosity of the 
matrix. If the smaller matrix passes the effective porosity barrier, then its PTFE content is 
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computed. If the difference between the PTFE content of the entire domain and the smaller 
matrix investigated is less than 1.0x10-3, the program stores the matrix as a potential subdomain 
candidate, and continues its search for the other candidates. After scanning the entire domain, it 
ranks the potential subdomain candidates in terms of their effective porosity error. The best 
options are selected as the subdomains to be investigated.  
A single LBM simulation in a 100x100 matrix lasts shorter in runtime, but is still 
computationally intensive. It must be noted again that the multi-phase LBM is applied many 
times on each porous domain to find 10%, 20%, and critical liquid formation. The initial density 
in the system is the controlling parameter. The program initiates the loop for the subdomains 
with a single-phase LBM to determine the tortuosity in a dry channel. After that, a multi-phase 
loop is started. It applies the multi-phase LBM using an initial density assigned. When the 
system reaches a steady-state condition, the program computes the liquid formation amount, and 
turns back to the starting point of the multi-phase loop. The initial density is increased with an 
amount of differential density (𝑑𝜌), and the same process is applied again, till the liquid amount 
in the system exceeds 10%. Then, the program turns one step back by subtracting 𝑑𝜌 from 𝜌, 
adds a smaller 𝑑𝜌 to the density, and applies multi-phase LBM again. It continues this repeating 
process until the difference between 10% and the liquid amount computed in the system becomes 
less than 1.0x10-3. When the 10% liquid amount is obtained, a single-phase LBM is applied on 
the saturated domain to compute the effective tortuosity of the partially saturated domain. The 
same process is repeated starting with the original 𝑑𝜌 to obtain the effective tortuosity in a 
domain with 20% liquid formation. After obtaining 20% liquid formation, the final step for the 
multi-phase analysis begins. The program starts to investigate the critical liquid amount in the 
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channel, beyond which there is no further gas transport, in other words; the effective porosity 
becomes zero. It was observed that the program runs the LBM simulation for more than 50 times 
on the average per a single domain. Hence, another reduction is required to extract 30x30 RAEs 
for each subdomain. A question would rise at this point: Why the RAEs were not extracted form 
2-D slices in the first place? The answer is that the storage of the RAE candidates, which pass all 
the error barriers, takes too much memory, and the program runs much slower even with very 
small error barriers. That is why this additional step is required.            
There are 11 RAEs in an SRAE set in the current work as a result of the confidence-level 
study. To determine the effective porosity and tortuosity of an SRAE set, the following equation 
is used: 
?̂? =
1
𝑁𝑅𝐴𝐸
∑ 𝑋𝑚
𝑁𝑅𝐴𝐸
𝑚=1
 (5.4) 
where, 𝑋 is set as effective porosity and tortuosity. The ensemble average of any property of the 
RAEs is represented by ?̂?, and the results will represent the properties of the related SRAE set. 
The RAE number in a set is represented by m, and  𝑋𝑚 is the property of the m
th RAE. The total 
element number in a set is 𝑁𝑅𝐴𝐸, which is 11 in the current study. In summary, an SRAE set with 
its averaged effective porosity and tortuosity is considered as a single virtual representative 
domain of the entire channel. Hence, the multi-phase effects in 990 RAEs for SGL-25BA and 
1100 RAEs for MRC-105 were investigated here. A posix threads (Pthreads) implemented code 
was developed to reduce the runtime and increase the computing performance as explained in a 
previous work of Cekmer et al. [57]. Four processors instead of one were used in SRAE selection 
and LBM loops. 
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For the single-phase LBM simulations, the same method in a previous work of Cekmer et 
al. [47] was applied with a D2Q9 lattice. There are nine velocity components and in a two-
dimensional single lattice as shown in Fig. 5.2. Since, the molecular interactions are defined by 
the collision and streaming processes in Boltzmann’s theory [3], the following equations are used 
for the collision and streaming, respectively: 
𝑓𝑘(𝑥 + 𝑐∆𝑡, 𝑦 + 𝑐∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑘(𝑥, 𝑦, 𝑡) = −
1
𝜏
[𝑓𝑘(𝑥, 𝑦, 𝑡) − 𝑓𝑘
𝑒𝑞(𝑥, 𝑦, 𝑡)] (5.5) 
𝑓𝑘(𝑥 + ∆𝑥, 𝑦 + ∆𝑦, 𝑡 + ∆𝑡) = 𝑓𝑘(𝑥, 𝑦, 𝑡 + ∆𝑡) (5.6) 
where, x and y are the horizontal and vertical positions of the molecules in the channel. The 
lattice component index is represented by k, and it takes values between 0 and 8 as seen in Fig. 
5.2. Furthermore, t, c, and 𝜏 stand for time, the unit lattice velocity, and the single-relaxation 
factor, respectively [4, 5, 56]. The probability density function, f, is the probability of a particle 
to be at a specific position at a specific time, and related with the macroscopic properties as 
follows: 
𝜌 = ∑ 𝑓𝑘
8
𝑘=0
 (5.7) 
  
𝑢 =
1
𝜌
∑ 𝑐𝑘,𝑥𝑓𝑘
8
𝑘=0
 (5.8) 
  
𝑣 =
1
𝜌
∑ 𝑐𝑘,𝑦𝑓𝑘
8
𝑘=0
 (5.9) 
In these equations, 𝜌 represents the density of the fluid, whereas 𝑢 and 𝑣 are the velocity 
components in horizontal and vertical directions, respectively. Thus, after solving the coupled 
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LB equation shown in Eqs. (5-6), the density and the velocity components can be computed. The 
effective tortuosity is computed as:  
𝜏𝑒𝑓𝑓 =
∫ 𝑉𝑑𝐴
𝐴
∫ 𝑣𝑑𝐴
𝐴
 (5.10) 
For multi-phase LBM simulations, the long-range intermolecular attractive forces were 
included in the collision process using the van der Waals equation of state [5, 27]. In the 
developed model, the system is assumed to be isothermal. Initially, the fluid inside the GDL has 
a non-zero thermodynamic quality depending on the initial pressure in the system, and the 
attractive force between the molecules leads to a phase separation between liquid and vapor. The 
liquid molecules come together, and form clusters. Some of the clusters disappear if the outside 
pressure is larger than the pressure inside the liquid cluster, and some of them gets larger by 
attracting the smaller liquid clusters, until a steady-state condition is reached. After this point, no 
further interactions are observed in the simulations. The following equation is used to add the 
intermolecular attractive force into account as introduced by He and Doolen [28]: 
𝑃 =
𝜌
3
+
𝐺
6
𝛹2 (5.11) 
where, 𝐺 and 𝛹 are the interaction strength and potential, respectively. The interaction potential 
is computed as follows [27]: 
𝛹 = 𝛹0exp (
−𝜌0
𝜌
) (5.12) 
In Eq. (12), 𝛹0 and 𝜌0 are constants. To calculate the force caused by the intermolecular 
interactions, Eq. (5.13) is used.  
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𝐹 = −𝐺𝛹(𝑥, 𝑡) ∑ 𝑤𝑘𝛹(𝑥 + 𝑐𝑘𝑑𝑡, 𝑡)
8
𝑘=1
𝑐𝑘 (5.13) 
In this equation, 𝑐𝑘 and 𝑤𝑘 are the lattice velocity and weighting factor of the k
th velocity 
component of the lattice, respectively. To include the effects of surface interactions on mass 
transport, an adhesive interaction force as shown in Eq. (5.14) was included in the model [29].  
𝐹𝑎𝑑𝑠 = −𝐺𝑎𝑑𝑠𝛹(𝑥, 𝑡) ∑ 𝑤𝑘𝑆𝑎𝑑𝑠(𝑥 + 𝑐𝑘𝑑𝑡, 𝑡)
8
𝑘=1
𝑐𝑘 (5.14) 
where, 𝐺𝑎𝑑𝑠 and 𝑆𝑎𝑑𝑠 are the adsorption strength and solid switch, respectively. 𝑆𝑎𝑑𝑠 takes values 
0 or 1 depending on the neighbor phase. If the neighbor is solid, then it becomes 1, otherwise 0. 
The adsorption strength controls the contact angle between the solid and liquid. The contact 
angles of PTFE and carbon with water are set to 104o [58] and 63o [59]. 𝐺𝑎𝑑𝑠 is calculated by Eq. 
(5.15) [5].  
𝐺𝑎𝑑𝑠 = 𝐺𝛹𝑙 (5.15) 
where, 𝛹𝑙 is computed by Eq. (5.12). Similar to the previous work of Cekmer et al. [57], 𝐺𝑎𝑑𝑠 is 
computed as -165.29 and -229.35 for PTFE and carbon, respectively. 
 Finally, the well-known Carman model was used to determine the effective diffusion 
coefficient. 
𝐷𝑒𝑓𝑓 = 𝐷𝑏𝑢𝑙𝑘
𝛷
𝜏
 (5.16) 
A sample simulation of the entire process for MRC-105 is explained in detail here. A 2-D 
slice was extracted from the 3-D structure shown in Fig. 5.1. The extracted 2-D slice, which has 
a porosity of 81.46%, can be seen in Fig. 5.3, where the white nodes and black nodes are void 
and solid, respectively. The bottom boundary is inlet, whereas the upper one is the outlet, and the 
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sides are reflective. Then, 5% of PTFE was injected on the selected slice. A little portion of the 
slice is presented in Fig. 5.4. In this figure, the gray nodes are PTFE, and the resulting PTFE 
content is 5.14%. Cluster labeling process was applied, and no orphan pore was detected. Since 
the effective porosity is equal to the porosity (81.46%). After that, subdomain extraction was 
performed. A total of 10 subdomains were extracted from the 2-D slice, and one of them is 
presented in Fig. 5.5. The effective porosity and the PTFE content are 81.48% and 5.13%, 
respectively. Then, 11 RAEs were extracted, hence the SRAE set was constructed. The first RAE 
in the set is presented in Fig. 5.6. The PTFE content of the RAE is 4.84%, and the effective 
porosity is 81.44%. A single-phase LBM was applied on the RAE, and the velocity distribution 
is demonstrated in Fig. 5.7. The effective tortuosity was computed 1.04. A multi-phase LBM was 
applied on RAE, and the density distribution is found as shown in Fig. 5.8(a). The cluster 
labeling process was applied on the channel to obtain the effective domain for a gas transport 
after the liquid formation, and the effective porosity was reduced to 70.44% as seen in Fig. 
5.8(b). A single-phase LBM was applied on the effective domain to simulate gas transport in a 
saturated medium with 10% liquid formation. The effective tortuosity was increased to 1.207. 
The results for 20% liquid formation is presented in Figure 9. Effective tortuosity and porosity 
were reduced to 1.083 and 64.78%, respectively. A detailed information about the reduction of 
the tortuosity with liquid formation in 2-D simulations can be found in [55]. 
The statistical results include the diffusion ratio (Deff/Dbulk), and discussed in the 
following section. 
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Results and Discussion 
In this study, mass diffusion behavior of gases in MRC-105 and SGL-25BA GDL 
samples was investigated. A confidence-level study initiated this work. According to the 
confidence-level study, 2-D slices were extracted from the micro-computed tomographies of 
these two samples. A 5% of PTFE was loaded on these 2-D slices. An SRAE extraction process 
was performed on 2-D slices to obtain domains for single- and multi-phase LBM. The effects of 
liquid formation on effective porosity and tortuosity was analyzed. Then, Carman’s model was 
utilized to examine the dimensionless mass diffusion ratio in these two samples. Finally, the 
critical liquid formation in two GDL samples were determined statistically, and compared. 
First of all, the effective porosity distributions against occurrence frequency of each 
effective porosity were plotted for subdomains and RAEs as shown in Fig. 5.10. Porosities of 
MRC-105 and SGL-25BA were reported as 81.46% and 84.24%, respectively by Micro 
Photonics Inc. It is observed that the effective porosity distribution range is wider in both 
subdomains and RAEs of SGL-25BA, than those of MRC-105. The reason is that the confidence 
level study resulted more subdomains and RAEs for MRC-105. Although, the results were 
overlapped with the actual porosities of these samples within an error range of 1x10-3, as stated 
in the previous section. 
The next step was the PTFE loading, and the results are presented in Fig. 5.11. The 
loaded PTFE was 5% of the total solid surface. Since the confidence-level study was based on 
the porosity, the relative error between the desired and resulting PTFE loading is larger than that 
of the effective porosity as seen in Fig. 5.11(a). Nevertheless, the maximum occurrence 
frequency is very close to 5% for both samples. The other parameter considered is the active 
PTFE area. Although about 5% of the surface is PTFE, the entire PTFE surface is not in contact 
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with void region. The PTFE area, which is in contact with fluid, is called the active area, and the 
results are presented in Fig. 5.11(b). The mostly occurred active area is slightly higher in MRC-
105 than that of SGL-25BA. The results lie between 35% and 38%, and overlapped with the 
results of a previous work of Cekmer et al. [57], in which random low-tortuosity porous channels 
were generated by double-path-percolation theory. 
To investigate the diffusion behavior of gases in partially saturated MRC-105 and SGL-
25BA, changes in effective porosity, tortuosity, and diffusion ratio with liquid formation were 
examined. Fig. 5.12 shows the effects of liquid formation on effective porosity for both samples. 
The results are in accordance with previous multi-phase path-percolation works [55, 57]. The 
effective porosity distribution range gets wider, which means the effective porosity becomes less 
predictable, and shifts to the left, which means it is decreasing with the liquid formation. Clearly, 
the reason is that the liquid molecules plugged many of the paths for the gas molecules. For a dry 
medium, the effective porosity is almost the same as the initial porosity of the GDL samples. Fig. 
5.13 presents the changes in effective tortuosity with liquid formation in GDL samples. In dry 
MRC-105 and SGL-25BA samples, the effective tortuosity can take values less than 1.5. When 
liquid formation occurs in the systems, tortuosity is increased, in other words; the effective 
tortuosity distribution range shifts to the right. The results for the cases with 10% and 20% liquid 
formation almost overlapped. To compare with the previous works for low- and high-tortuosity 
systems, the results of the current study lies between them. It was shown that in high-tortuosity 
systems, the effective tortuosity was increased with low liquid formation, and when the 
condensate amount continued to increase, tortuosity started decreasing [55]. In low-tortuosity 
systems, effective tortuosity decreases with the increased liquid formation [57]. As the effective 
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porosity decreases and tortuosity decreases with liquid formation, it is expected that the diffusion 
ratio would also decrease with the increased condensate amount. This result is shown in Fig. 
5.14(a) for SGL-25BA, and in Fig. 5.14(b) for MRC-105. Diffusion behavior of a gas becomes 
less predictable with the liquid formation. The effective diffusion coefficient of a gas in SGL-
25BA is slightly higher than that of MRC-105, since the porosity of the former is higher. 
Critical liquid formation is defined as the condensate amount in the channel that makes 
the effective porosity zero. In other words, no gas diffusion occurs beyond the critical liquid 
formation. The results for both samples are shown in Fig. 5.15. The critical liquid formation 
mostly takes values between 40% and 88% for both samples.  
This study introduces an alternative statistical approach in diffusion studies with the 
actual micro-computed GDL geometries, which is based on the law of large numbers [42] with a 
99% confidence level in two-dimensions. The cluster labeling process of the path-percolation 
theory is another method, which differs this work form the previous ones. However, it must be 
noted that the simulations performed here are in two-dimensions. A three-dimensional study 
would change the results. First of all, the effective porosity may be underestimated here. There 
would be more void nodes in the missing direction, hence the number of trapped (orphan) pores 
would be less than that of a two-dimensional simulation. Second, the effective tortuosity will 
definitely increase, since the shortest path between the inlet and the outlet will be the same, but 
there will be additional paths for the fluid molecules in the missing direction. The effective 
diffusion ratio will increase, if the increase in the effective porosity is more than that of the 
effective tortuosity. Finally, the critical liquid formation results of the current study is 
underestimated, since the effective porosity is also smaller than that of the actual three-
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dimensional geometries. The methodology of this work can be adapted to three-dimensional 
simulations, and the results can be compared. To extend the current study into three dimensions, 
a high-performance computing system can be applied in the codes [54, 55, 57]. Parallel 
programming would also lead much higher confidence levels, since the computing performance 
is increased significantly. Moreover, better SRAE sets with an increased number of larger RAEs 
can be constructed for the single- and multi-phase LBM simulations. Furthermore, the methods 
used here can be applied in any system involved with multi-phase flow in inhomogeneous porous 
medium, and the statistical outcome is valid for macroscopic PEFC models with mass diffusion.       
Conclusions 
A statistical analysis was performed on multi-phase mass transport in micro-computed 
tomographies of MRC-105 and SGL-25BA GDL samples in this study. PTFE loading was also 
performed computationally, and the hydrophobic contents of the extracted domains were 
statistically analyzed. A 99% confidence level was applied for two-dimensional simulations. 
Two-point statistics was applied to extract smaller domains form the tomographies for the single- 
and multi-phase LB models. A Lattice-Boltzmann model with a D2Q9 lattice with fluid-fluid and 
surface-fluid interactions. The effects of 10% and 20% liquid formation on gas diffusion in both 
GDL samples were investigated. Finally, the critical liquid formation, which makes the effective 
porosity of the domain zero, was examined. Th conclusions are listed below.  
- The effective porosity decreases with increased liquid formation in the channel, and 
becomes less predictable. 
- The effective tortuosity is increased, when the 10% of the channel was occupied with 
liquid clusters. When, the condensate amount is further increased, the tortuosity is 
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slightly decreased in SGL-25BA, and almost overlapped with the case of 10% liquid 
formation in MRC-105. 
- The diffusion ratio is decreased, and becomes less predictable with the liquid 
formation. In high-tortuosity low-porosity systems, liquid content decreases the 
tortuosity. 
- In both samples, the critical liquid formation mostly takes values between 40% and 
88%. 
The methods and the statistical outcome of this study can be applied in any porous 
medium application involved with single- and multi-phase mass transport with surface-fluid 
interactions. The dimensionless diffusion ratio distribution ranges can be used in macroscopic 
PEFC models. More advanced three-dimensional models can be developed by the same approach 
introduced in this study.  
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Appendix
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Table 5.1. History calculations for MRC-105 and SGL-25BA. 
Confidence 
Level 
𝐞𝐫𝐟(𝜺√
𝒏
𝒑𝒒
) 𝜺√
𝒏
𝒑𝒒
 GDL p 𝒏 
# of 2D 
slices 
Subdomain 
size 
RAE 
size 
# of 
subdomains 
RAE 
# in a 
size 
99% 0.495 2.5767 
MRC 105 
0.8
146 
4,010,900 
10 100x100 30x30 
10 
11 
SGL 25A 
0.8
424 
3,525,837 9 
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(a)  
 
(b) 
Figure 5.1. Three-dimensional micro-tomography of (a) MRC-105, (b) SGL-25BA. 
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Figure 5.2. A square D2Q9 lattice with nine velocity components for LBM.
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Figure 5.3. A two-dimensional slice extracted from the three-dimensional digitized micro-tomography of MRC-105.
 184 
 
   
Figure 5.4. A small portion of the selected 2-D slice with 5% PTFE loading.
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Figure 5.5. A subdomain extracted from the 2-D slice. 
 186 
 
 
Figure 5.6. RAE # 1 of the constructed SRAE set.
 187 
 
 
Figure 5.7. Single-phase velocity distribution in RAE # 1.
 188 
 
 
         (a)              (b) 
 
             (c) 
Figure 5.8. 10% liquid formation in RAE #1; (a) density distribution, (b) the effective domain 
after cluster labeling, (c) velocity distribution of a single-phase gas in the saturated medium. 
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       (a)           (b) 
 
               (c) 
Figure 5.9. 20% liquid formation in RAE #1; (a) density distribution, (b) the effective domain 
after cluster labeling, (c) velocity distribution of a single-phase gas in the saturated medium. 
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Figure 5.10. Effective porosity distributions of subdomains and RAEs extracted from MRC-105 
and SGL-25BA data.
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         (a)         (b) 
Figure 5.11. PTFE loading (a) PTFE content in solid surface, (b) the ratio of active and total 
PTFE areas.
 192 
 
 
        (a)          (b) 
Figure 5.12. Effects of liquid formation on effective porosity for (a) SGL-25BA, (b) MRC-105. 
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CONCLUSION 
 
In this dissertation, statistical based path-percolation theories were utilized to construct 
random inhomogeneous porous channels with a wide range of effective porosity. A statistical 
analysis was also performed on micro-computed tomographies of MRC-105 and SGL-25BA gas 
diffusion samples. Hydrophobic loading on the surface of the channels was also performed 
computationally, and the results were statistically analyzed. A 99% confidence level was applied 
for two-dimensional simulations. Two-point statistics was applied to extract smaller domains 
form the initially generated domains for single- and multi-phase LB models. Lattice-Boltzmann 
models were developed with a D2Q9 lattice to obtain the velocity distribution in the channels. 
Fluid-fluid and surface-fluid interactions were added to the codes to include the effects of 10% 
and 20% liquid formation and hydrophobic solid addition on surface on gas diffusion in all 
channels generated with the techniques mentioned above. Finally, the critical liquid formation, 
which makes the effective porosity of the domain zero, was examined. The general conclusions 
are listed as: 
- Single-path-percolation model was used to simulate high-toruosity (above 1.07) flow 
channels. 
- Double-path-percolation model was used to simulate low-toruosity (between 1.0005 
and 1.0700) flow channels. 
- In both low- and high-tortuosity systems, increased liquid volume increases the 
tortuosity.     
- In high-tortuosity low-porosity systems, added liquid content decreases the tortuosity. 
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- In MRC-105 and SGL-25BA, the effective tortuosity is increased when the 10% of the 
channel was occupied with liquid clusters. When, the condensate amount is increased 
further, the tortuosity is slightly decreased in SGL-25BA, and almost overlapped with 
the case of 10% liquid formation in MRC-105. 
- In all porous channels, liquid formation decreases the effective porosity and effective 
diffusion coefficient. Both parameters become less predictable with liquid formation. 
- Hydrophobic solid particle addition in channels increases the effective tortuosity, and 
slightly decreases the effective diffusion coefficient in low-tortuosity domains. 
- The effects of hydrophobic content on gas diffusion is negligible in high-tortuosity 
porous channels, since effective tortuosity does not change significantly. 
- In MRC-105 and SGL-25BA, the critical liquid formation mostly takes values between 
40% and 88%. 
The effective porosity may be underestimated here because of the missing third 
dimension. There would be more void nodes in the missing direction, hence the number of 
orphan pores would be less than that of a two-dimensional simulation. Moreover, the effective 
tortuosity will definitely increase, since the shortest path between the inlet and the outlet will be 
the same, but there will be additional paths for the fluid molecules in the missing direction. 
Furthermore, a software was developed, and four high performance systems were implemented. 
Computing performances were examined to determine the optimal application programming 
interface for this particular work. The best performance of 2.8 GFLOPs was achieved by the 
pthreads implementation with four processors, and the gained speedup was computed as 3.962. 
The introduced porous channel simulation techniques in this dissertation can be utilized in any 
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porous medium application involved with transport phenomena in solid and void paths, and the 
statistical results of the current work can be applied in any mass diffusion study with low- and 
high-tortuosity porous channels with surface-fluid interactions. The dimensionless diffusion ratio 
distribution curves for both SGL samples can be used in macroscopic PEFC models. More 
advanced three-dimensional mesoscopic models can be developed by the same approach 
introduced in this work. 
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The derivation of Lattice-Boltzmann equation is described here. The probability density 
function, f, must be introduced before analyzing the Lattice-Boltzmann model. The probability of 
a molecule to be at position 𝑥  at time t with momentum 𝑝  is called the probability density (or 
probability distribution) function, and symbolized as 𝑓(𝑥 , 𝑝 , 𝑡). At time t+dt, new positions and 
momenta of the molecules will be as follows [5]: 
𝑥 +
𝑝 
𝑚
𝑑𝑡 = 𝑥 +
𝑚?⃗? 
𝑚
𝑑𝑡 = 𝑥 + ?⃗? 𝑑𝑡 = 𝑥 +
𝑑𝑥 
𝑑𝑡
𝑑𝑡 = 𝑥 + 𝑑𝑥  (A.1) 
 
𝑝 + 𝐹 𝑑𝑡 = 𝑝 +
𝑑𝑝 
𝑑𝑡
𝑑𝑡 = 𝑝 + 𝑑𝑝  (A.2) 
 
where 𝑚 is the mass of the particle, and 𝐹  is an external force field that is assumed to be much 
smaller than the intermolecular forces. Hence, at time t+dt, the probability distribution function 
is written as 𝑓(𝑥 + 𝑑𝑥 , 𝑝 + 𝑑𝑝 , 𝑡 + 𝑑𝑡). If there are no collisions, the following streaming 
equation is obtained:   
𝑓(𝑥 + 𝑑𝑥 , 𝑝 + 𝑑𝑝 , 𝑡 + 𝑑𝑡)𝑑𝑥 𝑑𝑝 = 𝑓(𝑥 , 𝑝 , 𝑡)𝑑𝑥 𝑑𝑝  (A.3) 
 
However, there are intermolecular collisions that must be considered. Some of the molecules 
start at the condition of 𝑥 , 𝑝  but at time t+dt, they collide with other molecules and cannot reach 
𝑥 + 𝑑𝑥 , 𝑝 + 𝑑𝑝 , and the number of these molecules is called loss, Γ𝐿. Similarly, some of the 
molecules start with a condition other than 𝑥 , 𝑝  but after the collisions they reach the condition of 
𝑥 + 𝑑𝑥 , 𝑝 + 𝑑𝑝 , which is called gain, Γ𝐺. Then, Equation (A.3) becomes: 
𝑓(𝑥 + 𝑑𝑥 , 𝑝 + 𝑑𝑝 , 𝑡 + 𝑑𝑡)𝑑𝑥 𝑑𝑝 − 𝑓(𝑥 , 𝑝 , 𝑡)𝑑𝑥 𝑑𝑝 = (Γ𝐺 − Γ𝐿)𝑑𝑥 𝑑𝑝 𝑑𝑡 (A.4) 
 
Furthermore, the first term on LHS of Equation (A.4) can be written in the first order Taylor 
series expansion form as follows: 
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𝑓(𝑥 + 𝑑𝑥 , 𝑝 + 𝑑𝑝 , 𝑡 + 𝑑𝑡)𝑑𝑥 𝑑𝑝 = (1 + 𝑑𝑡
𝜕
𝜕𝑡
+ 𝑑𝑥 ∙
𝜕
𝜕𝑥 
+ 𝑑𝑝 ∙
𝜕
𝜕𝑝 
) 𝑓(𝑥 , 𝑝 , 𝑡)𝑑𝑥 𝑑𝑝  (A.5) 
 
Inserting Equation (A.5) into Equation (A.4), dividing both sides of Equation (A.5) by 𝑑𝑥 𝑑𝑝 𝑑𝑡, 
and performing the further steps as follows, the Boltzmann equation is obtained as shown in 
Equation (A.6).  
𝑓𝑑𝑥 𝑑𝑝 + 𝑑𝑡
𝜕𝑓
𝜕𝑡
𝑑𝑥 𝑑𝑝 + 𝑑𝑥 
𝜕𝑓
𝜕𝑥 
𝑑𝑥 𝑑𝑝 + 𝑑𝑝 
𝜕𝑓
𝜕𝑝 
𝑑𝑥 𝑑𝑝 − 𝑓𝑑𝑥 𝑑𝑝 = (Γ𝐺 − Γ𝐿)𝑑𝑥 𝑑𝑝 𝑑𝑡 
 
 
 
𝜕𝑓
𝜕𝑡
+
𝑑𝑥 
𝑑𝑡
∙
𝜕𝑓
𝜕𝑥 
+
𝑑𝑝 
𝑑𝑡
∙
𝜕𝑓
𝜕𝑝 
= Γ𝐺 − Γ𝐿 
 
 
 
 
 
𝜕𝑓
𝜕𝑡
+ ?⃗? ∙
𝜕𝑓
𝜕𝑥 
+ 𝐹 ∙
𝜕𝑓
𝜕𝑝 
= Γ𝐺 − Γ𝐿 (A.6) 
  
or 
𝐷𝑓(𝑥 , 𝑝 , 𝑡)
𝐷𝑡
= Ω (A.7) 
 
where 
𝐷
𝐷𝑡
= (
𝜕
𝜕𝑡
+ ?⃗? ∙
𝜕
𝜕𝑥 
+ 𝐹 ∙
𝜕
𝜕𝑝 
) 
 
(A.8) 
Ω = Γ𝐺 − Γ𝐿 (A.9) 
 
When, Equation (A.6) is solved, the distribution function will be determined. To obtain the 
macroscopic variables; density and velocity, the following equations are used: 
𝜌 = ∫𝑓𝑑𝑐  (A.10) 
 
𝜌?⃗? = ∫𝑐 𝑓𝑑𝑐  (A.11) 
 
where 𝜌, 𝑐 , ?⃗?   are fluid density, unit velocity vector, and macroscopic flow velocity vector  (?⃗? =
𝑢𝑥𝑖 + 𝑢𝑦𝑗  ), respectively. 
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